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Introduction 


The best known extension of the field of complex numbers to the four-dimensional 
setting is the skew field of quaternions, introduced by W.R. Hamilton in 1844, 
[36], [37]. Quaternions arise by considering three imaginary units, i,j,k that an- 
ticommute and such that ij = k. The beauty of the theory of quaternions is that 
they form a field, where all the customary operations can be accomplished. Their 
blemish, if one can use this word, is the loss of commutativity. While from a purely 
algebraic point of view, the lack of commutativity is not such a terrible problem, 
it does create many difficulties when one tries to extend to quaternions the fecund 
theory of holomorphic functions of one complex variable. Within this context, one 
should at least point out that several successful theories exist for holomorphicity 
in the quaternionic setting. Among those the notion of Fueter regularity (see for 
example Fueter’s own work [27], or [97] for a modern treatment), and the theory 
of slice regular functions, originally introduced in [30], and fully developed in [31]. 
References [97] and [31] contain various quaternionic analogues of the bicomplex 
results presented in this book. 

It is for this reason that it is not unreasonable to consider whether a four- 
dimensional algebra, containing C as a subalgebra, can be introduced in a way that 
preserves commutativity. Not surprisingly, this can be done by simply considering 
two imaginary units i,j, introducing k = ij (as in the quaternionic case) but now 
imposing that ij = ji. This turns k into what is known as a hyperbolic imaginary 
unit, i.e., an element such that k? = 1. As far as we know, the first time that these 
objects were introduced was almost contemporary with Hamilton’s construction, 
and in fact J.Cockle wrote, in 1848, a series of papers in which he introduced a 
new algebra that he called the algebra of tessarines, [15, 16, 17, 18]. Cockle’s work 
was certainly stimulated by Hamilton’s and he was the first to use tessarines to 
isolate the hyperbolic trigonometric series as components of the exponential series 
(we will show how this is done later on in Chapter 6). Not surprisingly, Cockle 
immediately realized that there was a price to be paid for commutativity in four 
dimensions, and the price was the existence of zero-divisors. This discovery led 
him to call such numbers impossibles, and the theory had no further significant 
development for a while. 

It was only in 1892 that the mathematician Corrado Segre, inspired by the 
work of Hamilton and Clifford, introduced what he called bicomplex numbers in 
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[82], their algebra being equivalent to the algebra of tessarines. It was in his original 

+ ij 1- 
and 


and play a central role in the theory of bicomplex numbers. Following Segre, a few 
other mathematicians, in particular Spampinato [88, 89] and Scorza Dragoni [83], 
developed the first rudiments of a function theory on bicomplex numbers. 


1 ij 
papers that Segre noticed that the elements are idempotents 


The next major push in the study of bicomplex analysis was the work of 
J.D.Riley, who in 1953 published his doctoral dissertation [57] in which he further 
developed the theory of functions of bicomplex variables. But the most important 
contribution was undoubtedly the work of G. B. Price, [56], where the theory of 
holomorphic functions of a bicomplex variable (as well as multicomplex variables) 
is widely developed. Until this monograph, the work of G. B. Price had to be 
regarded as the foundational work in this theory. 

In recent years, however, there has been a resurgence of interest in the study 
of holomorphic functions on one and several bicomplex variables, as well as a sig- 
nificant interest in developing functional analysis on spaces that have a structure 
of modules over the ring of bicomplex numbers. Without any pretense of com- 
pleteness, we refer in this book to [2, 12, 13, 14, 19, 20, 29, 32, 34, 45, 59, 61, 62, 
63, 65, 96]. Most of this new work indicates a need for the development of the 
foundations of the theory of holomorphy on the ring of bicomplex numbers, that 
better expresses the similarities, and differences, with the classical theory of one 
complex variable. 

This is the explicit and intentional purpose of this book, which we have writ- 
ten as an elementary, yet comprehensive, introduction to the algebra, geometry, 
and analysis of bicomplex numbers. 


We describe now the structure of this work. Chapter 1 introduces the funda- 
mental properties of bicomplex numbers, their definitions, and the different ways 
in which they can be written. In particular, we show how hyperbolic numbers can 
be recognized inside the set of bicomplex numbers. The algebraic structure of this 
set is described in detail in the next chapter, where we define linear spaces and 
modules on BC and we introduce a partial order on the set of hyperbolic num- 
bers. Maybe the most important contribution in this chapter is the definition of 
a hyperbolic-valued norm on the ring of bicomplex numbers. This norm will have 
great importance in all future applications of bicomplex numbers. In Chapter 3 
we move into geometry, and we spend considerable time in discussing how to visu- 
alize the 4-dimensional geometry of bicomplex numbers. We also discuss the way 
in which the trigonometric representation of complex numbers can be extended to 
the ring of bicomplex numbers. In Chapter 4 we remain in the geometric realm 
and discuss lines in BC; in particular we study real, complex, and hyperbolic lines 
in BC. We then extend this analysis to the study of hyperbolic and complex curves 
in BC. With Chapter 5 we abandon geometry and begin the study of analysis of 
bicomplex functions. We discuss here the notion of limit in the bicomplex con- 
text, which will be necessary when we study holomorphy in the bicomplex setting. 
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Chapter 6 is devoted to a careful and detailed study of the elementary bicomplex 
functions such as polynomials, exponentials, trigonometric (and inverse trigono- 
metric) functions, radicals, and logarithms. This chapter is particularly interesting 
because, while it follows rather closely the exposition one would expect for com- 
plex functions, it also shows the significant, and interesting, differences that arise 
in this setting. Chapter 7 is, in some sense, the core of the book, as it explores the 
notions of bicomplex derivability and differentiability. It is in this chapter that the 
different ways in which bicomplex numbers can be written play a fundamental role. 
The fundamental properties of bicomplex holomorphic functions are studied in de- 
tail in Chapter 8. As one will see throughout the book, bicomplex holomorphic 
functions play an interesting role in understanding constant coefficients second 
order differential operators (both complex and hyperbolic). This role is explored 
in detail in Chapter 9. In Chapter 10 we discuss the theory of bicomplex Taylor 
series. Finally, this book ends with a chapter in which we show the way in which 
the Stokes’ formula can be used to obtain new and intrinsically interesting integral 
formulas in the bicomplex setting. 


Acknowledgments. This work has been made possible by frequent exchanges be- 
tween the Instituto Politécnico Nacional in Mexico, D.F., and Chapman University 
in Orange, California. The authors express their gratitude to these institutions for 
facilitating their collaboration. A very special thank you goes to M. J. C. Robles— 
Casimiro, who skillfully prepared all the drawings that are included in this volume. 
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Chapter 1 


The Bicomplex Numbers 


1.1 Definition of bicomplex numbers 


We start directly by defining the set BC of bicomplex numbers by 


C:= {21 + jza | 21,22 € CH, 


where C is the set of complex numbers with the imaginary unit i, and where i 
and j 4 i are commuting imaginary units, i.e., ij = ji, i? = j? = —1. Thus bicom- 
plex numbers are “complex numbers with complex coefficients”, which explains 
the name of bicomplex, and in what follows we will try to emphasize the simi- 
larities between the properties of complex and bicomplex numbers. As one might 
expect, although the bicomplex numbers share some structures and properties of 
the complex numbers, there are many deep and even striking differences between 
these two types of numbers. 


Bicomplex numbers can be added and multiplied. If 7 = z,; +jz2 and W = 
w, +jwz are two bicomplex numbers, the formulas for the sum and the product 
of two bicomplex numbers are: 


Z+W := (21 +w1) + j(z2 + wa) (1.1) 
and 
ZW := (21 +jz2)(wi +jwe) = (21w1 — zow2) + j(ziwe + 221). (1.2) 


Of course there is no need to memorize these formulas; we have just to multiply 
term-by-term and take into account that j? = —1. 

The commutativity of the product of the two imaginary units together with 
definitions (1.1) and (1.2) readily imply that both operations possess the usual 
properties: 


Z+W=W+4Z, Z+(W+Y)=(Z7Z4+W)+Y, 


DOI 10.1007/978-3-319-24868 4 
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that is, the addition is commutative and associative; 
ZW=W-Z, Z:‘(W-Y) = (Z-W)-Y, 
which means that the multiplication is commutative and associative; 
Z‘(W+Y)=Z2:-W4+Z-Y, 


that is, the multiplication distributes over addition. 
The bicomplex numbers 0 = 0+ 0-j and 1 =1+0-j play the roles of the 


usual zero and one: 
04+272=2Z4+0=2Z, 


1-Z=Z-1=2Z. 


Until now, we have used the denotation C for the field of complex numbers. 
Working with bicomplex numbers, the situation becomes more subtle since inside 
the set BC there are more than one subset which has the “legitimate” right to bear 
the name of the field of complex numbers; more exactly, there are two such subsets. 
One of them is the set of those bicomplex numbers with z2 =0: Z = z,+j0 = 2; 
we will use the notation C(i) for it. Since j has the same characteristic property 
j° = —1, then another set of complex numbers inside BC is C(j) := {21 + jza | 
21,22 € R}. Of course, C(i) and C(j) are isomorphic fields but coexisting inside 
BC they are different. We will see many times in what follows that there is a 
certain asymmetry in their behavior. 


The set of hyperbolic numbers D can be defined intrinsically (independently 
of BC) as the set 


D := {x +ky|x,y € R}, 


where k is a hyperbolic imaginary unit, i.c., k? = 1, commuting with both real 
numbers x and y. In some of the existing literature, hyperbolic numbers are also 
called duplex, double or bireal numbers. 


Addition and multiplication operations of the hyperbolic numbers have the 
obvious definitions, we just have to replace k? by 1 whenever it occurs. For exam- 
ple, for two hyperbolic numbers 3; = 2; + ky; and 32 = v2 + kye their product 
is 


31°32 = (@1%2 + y1Y2) +k(a1y2 + voy1). 


Working with BC, a hyperbolic unit k arises from the multiplication of the 
two imaginary units i and j: k := ij. Thus, there is a subset in BC which is 
isomorphic as a ring to the set of hyperbolic numbers: the set 


D = {x + ijy 


x,y € R} 


inherits all the algebraic definitions, operations and properties from BC. 
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The following subset of D: 
Dt := {x+ky|2?-y?>0, r>0} 


will be especially useful later. We will call its elements “non-negative hyperbolic 
numbers”; the set 


Dt \ {0} = {a+ kyla? —y?>0, 2>0} 


will be called the set of “positive hyperbolic numbers”. Such definitions of “non- 
negativeness” and of “positiveness” for hyperbolic numbers do not look intuitively 
clear but later on we will give them other descriptions clarifying the reason for such 
names. It turns out that the non-negative hyperbolic numbers play with respect to 
all hyperbolic numbers a role deeply similar to that of real non-negative numbers 
with respect to all real numbers. 

The set 


D := {r+ky|2?-y? >0, «<0}={3|-3 € Dt} 
will bear the name of non-positive hyperbolic numbers; and of course the set 
D- \ {0} ={x+ky|x?-y? >0, <0} 


is the set of negative hyperbolic numbers. Clearly, there are hyperbolic numbers 
which are neither non-negative nor non-positive. 


1.2 Versatility of different writings of bicomplex 
numbers 


A bicomplex number defined as Z = z,+jz2 admits several other forms of writing, 
or representations, which show different aspects of this number and which will 
help us to understand better the structure of the set BC. First of all, if we write 
Zy =a, + iy, 22 = ©2 + iye with real numbers 21, y1, L2, ye, then any bicomplex 
number can be written in the following different ways: 


Z = (a1 +iyr) +j (ve + iy2) =: 21 +j 20 1.3) 
= (41 + jro) +i(yi +jy2) =: G + ide 1.4) 
= (41 + kyo) + i(y1 — kve) =: 31 +32 1.5) 
= (4, + kyo) + j (we — ky) =: to, + jtve 1.6) 

v1 +iy1) + k(y2 — ize) =: w1 + kwe 1.7) 
= (41 + jr) + k(y2 — jy) =: w1 + kw 1.8) 
= 2, +iy, + jrat+ kyo, 1.9) 
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where 21, 22, W1, W2 € C(i), G1, C2, Wi, We € C(j), and 31, 32, 1, 2 € D. Equa- 
tion (1.9) says that any bicomplex number can be seen as an element of R*; 
meanwhile formulas (1.3) and (1.7) allow us to identify Z with elements in C?(i) 
and formulas (1.4) and (1.8) with elements in C?(j); similarly formulas (1.5) and 
(1.6) identify Z with elements in D? := D x D. 


1.3 Conjugations of bicomplex numbers 


The structure of BC (there are two imaginary units of comp type and one 
hyperbolic unit in it) suggests three possible conjugations on 


(1) Z:=2%,+ 452 (the bar-conjugation); 
(u) Zt = 2 —jz (the + -conjugation); 


(11) Z* : (Zz)! (Zt) = 2, —jZ (the *-conjugation), 


where 21, Z2 are usual complex conjugates to 21, z2 € C(i). 

Let us see how these conjugations act on the complex numbers in C(i) and 
in C(j) and on the hyperbolic numbers in D. If Z = z, € C(i), ie., z2 = 0, then 
Z = 21 = ©, + iy, and one has: 


Z=2=0)-ig =z = 2 5 Zi=gda=2 =Z, 
that is, both the bar-conjugation and the *-conjugation, restricted to C(i), coincide 
with the usual complex conjugation there, and the {-conjugation fixes all elements 
of C(i). 

If Z = ¢ belongs to C(j), that is, ¢; = x1 + jae, then one has: 


Gata fe 21—ieo =O, 


that is, both the *-conjugation and the }-conjugation, restricted to C(j) coincide 
with the usual conjugation there. In order to avoid any confusion with the notation, 
from now on we will identify the conjugation on C(j) with the t-conjugation. Note 
also that any element in C(j) is fixed by the bar-conjugation. 

Finally, if Z = x, + ijyo € D, that is, y; = x2 = 0, then 


Z = 21 —ijy. = Z', Z*=Z, 


thus, the bar-conjugation and the {-conjugation restricted to D coincide with the 
intrinsic conjugation there. We will use the bar-conjugation to denote the latter. 
Note that any hyperbolic number is fixed by the *-conjugation. 

Using formulas (1.4)—(1.9), the bicomplex conjugations (1)—(111) defined above 
can be written as 


(’) Z=G-iG@ =3, -i}, = MW +jm = DW, —kwW, = w —kuy 


21 — iy, +jro—kyo; 
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(u’) Zt 


Gh+ich = 3, +13, =, —jt = w,—kw. = wl —kol 


I 


ay t+iy, —jr2g—kyp; 


(111’) Le = Cig = 31 —i32 = Wy —jwo = Wi 4+km = Wy +kul 


= 41 —iy, —jxa+ky. 


Each conjugation is an additive, involutive, and multiplicative operation on BC: 


(ZEW)=Z4W, (Z4+Wy=Zt+wt, (Z+W)*=2*4+W* (1.10) 
Z=2Z, (“Y'=Z, (ZY =Z (1.11) 
(Z-W)=Z-W, (Z-W)i=Zt-wt, (Z-W)*=Z*-W*. (1.12) 


1.4 Moduli of bicomplex numbers 


In the complex case the modulus of a complex number is intimately related with 
the complex conjugation: by multiplying a complex number by its conjugate one 
gets the square of its modulus. Applying this idea to each of the three conjugations 
introduced in the previous section, three possible “moduli” arise in accordance 
with the formulas for their squares: 


o |Z)? = Z-Z1 = af +28 
= (|¢a|? — |¢2|?) + 2 Re (Ga Gf i 
= (3a lbp + a2liyp) + (31 32 — 3132 )j 


(|? layp — [2lfyp) + (01 We + Ti We ) i 


= (|w1|? — |we|?) — 21m (wlur ie C(i); 
e IZ|§ — hs Ge (||? = |z2|?) +2 Re(z Ze )j 

= @+G 

= ([s1125p oo ls2l2yp) o (3132 + 31 32 \j 


= (t01| jap Ss | 2liyp) + (i, too — WwW i> ) i 


(|wi|? — |we|?) + (we W1 — w1 We )k 


wy — we € C(§); 
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0 |Z|2 = Z-Z* = (zi |? + |zo|?) — 2Im (21 Zk 


(1¢1|? + |G2|?) — 22m (Gi cf )k 
31 +33 


I 


to? + 103 


(|wil? TF |we|?) + (we + wi W2)k 


I 


(\w1|? =F |w2|?) + (wi ws +wowt)k €D, 


where for a complex number z (in C(i) or C(j)) we denote by |z| its usual modulus 
and for a hyperbolic number 3 = a + kb we use the notation |3|3.,,,, = a? — b’. 

Unlike what happens in the complex case, these moduli are not R*-valued. 
The first two moduli are complex-valued (in C(i) and C(j) respectively), while the 
last one is hyperbolic-valued. 

The value of |Z|; = VZ- Zt, being the square root of a complex number, is 
determined by the following convention: for the complex number z = Z - Z', if z 
is a non-negative real number, then \/z denotes its non-negative value; otherwise, 
the ,/z denotes the value of the square root of z in the upper half-plane. In many 
standard references, this latter one is also called the “principal” square root of z. 

Although in general |Z|; is a C(i)-complex number, nevertheless if Z is in 
C(j), then its C(i)-complex modulus |Z|; coincides with the usual modulus of the 
complex number ¢; = x; + jxe: since z1 = ©, + i0, z2 = x2 + i0, then 


IZ|i = at + 3 = |G]. 


Hence the restriction of the quadratic form z7 + 23 onto the real two-dimensional 
plane C(j) determines the usual Euclidean structure on this plane. 
We make similar conventions for the C(j)-valued modulus 


Zyav ez. 


We note again that in the special case when Z = z; = 7; + iyi, we get: 


IZ\j= fei +y7 = lal, 


hence the restriction of the quadratic form 
ZZ=C + 


onto the real two-dimensional plane C(i) determines the usual Euclidean structure 
on this plane. 

We observe here a kind of a “dual” relation between the two types of complex 
moduli and the respective complex numbers: if Z = z, € C(i), then 


Z|: = leaks = 4/27, 
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which, in general, is not equal to |z;| but is equal to z; or —z1; but somewhat 
paradoxically, if Z = ¢, € C(j), then |Z]; = |G]. 

Similarly, the |Z|; of C(j)-numbers, Z = G1, is |Z|j = |Gi|j = V/C?, meanwhile 
if Z = z € C(i), then |z:|; = |z1|. We will refer to |Z|;,|Z|; as the C(i)- and 
C(j)-valued moduli of the bicomplex number Z respectively. 

The last modulus introduced has its square, | -|~, which is hyperbolic-valued, 
and later we will show that the modulus itself can be chosen hyperbolic-valued. 
For its square the following holds: 


[z= (\z1|? + |z2|?) +k (—2Im(z Z2)) =:a+ky, 
where x and y satisfy x? — y? > 0 (this is proved using the fact that | Im(z1 Z2)| < 
|z1| - |za|). Thus |Z]? € Dt. 
We will specify the value of the square root of a hyperbolic number later on. 
Although these moduli are not real-valued, nevertheless they preserve, for- 


tunately, an important property related with the multiplication; specifically, we 
have: 


IZ- Wii =|Z|7- (Wii, 

2_ 2 2 
J2eWi = |25 (We: 
IZ- Whe = Zl: Wie 


1.4.1 The Euclidean norm of a bicomplex number 


Since all the above moduli are not real valued, we will consider also the Euclidean 
norm on BC when it is seen as 


C(i) = C(i) x C(i) = { (41, 22) | atjz € BC}, 


or as 


C?(j) = { (G1, 62) | a tid € BC}, 


or as 


R* = { (a1, 91,22, 42) | (w1 +iyi) + j(@2 +i ye) € BC}. 


The Euclidean norm |Z] is related with the properties of bicomplex numbers via 
the Dt-valued modulus: 


Z| = VlaP + lak = ViGP+IGP = Re (Zi2) = 22+? +23 +93, 
and it is again direct to prove that 


\Z-W| < V2|Z|- |W]. (1.13) 
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Indeed, for Z = z1 + jzg and W = w; + jwe2 one has: 

|Z -W|? = |zywr — zowe|? + |zrwe + zou)? 
< (lzi|}ea| + [z2|lwal)” + (\2a||we] + [2ellevrl)? 
* + |z9|? wal? + 2|21||w1||z2]|w2| 
+ |z1/? ||? + [ze]? ler]? + 2] 21 ||e1||zal|ewe 
? + zy |? wal? + |z2|?|wel? + |z2|?;w2|? 
+ |za|?lwrl? + [ze]? |ewa|? + zal? |wel? + |z2[?|wr|? 
= 2 (\z1|?|wil? + |zi|?|we|? + |22|?]wel? + |z2|?}w1|?) 
= ( 21 |? + |20 ?) ( wy? + |w2|”) 


= 2|Z/|Wl’, 


A 
¥ 
a 


where first, we used the triangle inequality and then we used the fact that given 
any two real numbers a and b, then 2ab < a? + b?. 


We will obtain below more properties of the interplay between the Euclidean 
norm and the product of bicomplex numbers. 


1.5 Invertibility and zero-divisors in BC 


We know already that 


ZZ) =|Z|? € C(i), (1.14) 
Z-Z=|Z\? € C(j), (1.15) 
Z-Z* =|Z2 €D (1.16) 


(compare with the complex situation where z- Z = |z|*). 

Let us analyze (1.14). If Z £ 0 but |Z|; = 0, then Z is obviously a zero-divisor 
since Z' is also different from zero. But if |Z]; 4 0 the number Z is invertible. 
Indeed, in this case, dividing both sides of (1.14) over the right-hand side one gets: 


VAi 


Z-<=1 
a 


? 


thus the inverse of an invertible bicomplex number Z is 


4_ 2 
|Z]? ’ 


similarly to what happens in the complex case. We have therefore obtained a 
complete description both of the invertible elements and non-invertible elements 
in BC. 

In a complete analogy we analyze formulas (1.15) and (1.16) arriving at the 
following conclusions: 
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1. A bicomplex number Z ¥ 0 is invertible if and only if |Z]; 4 0 or, equivalently, 
|Z| is not a zero-divisor and in this case the inverse of Z is 


2. A bicomplex number Z ¥ 0 is a zero-divisor if and only if |Z|j; = 0 or, 
equivalently, |Z|, is a zero-divisor. 


Let us see what all this means working with specific representations of a 
bicomplex number. Assume that Z is given as Z = 2, + jzo, then |Z|? = 27 + 23. 
In this case Z is invertible if and only if z? + z3 40 and the inverse of Z is 


4 Al 21 — jz 


= 2 — [2 2 
zy + 23 2 + 23 


If both z; and zg are non-zero but the sum 2? + 23 = 0, then the corresponding 
bicomplex number Z = 21 + jz2 is a zero-divisor. This is equivalent to z? = —z3, 
Le., 


a, = tizo, (1.17) 


and thus all zero-divisors in BC are of the form: 


Z = X(1+ij), (1.18) 


where A runs the whole set C(i) \ {0}. 


One wonders if the description (1.18) of zero-divisors depends on the form of 
writing Z and what happens if Z = ¢; + id. with ¢,, ¢2 € C(j). In this case 


Zo =i |G l=|G@| and Re(G Gf) =0. (1.19) 


At first sight, we have something quite different from (1.17). Note however that 
Re(Gy él) is the Euclidean inner product in R?, hence (1.19) means that ¢, and 2 
are orthogonal in C(j) and with the same magnitude (i.e., with the same modulus 
of complex numbers), and thus 


Gg =tja. 
Hence, a zero-divisor Z = ¢; + i1¢2 becomes 
Z=O + ijG = (1+ ij) (1.20) 


with ¢; running in C(j) \ {0}. 
Observe that (1.20) can be obtained as well by recalling that 


Z-Z=G+G=0 
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which uses yet another conjugation, not the {-conjugation but the bar-conjugation. 


It is possible to give several other descriptions of the set of zero-divisors 
using all the three conjugations as well as formulas (1.3)—(1.9). This we leave as 
an exercise to the reader. 


We denote the set of all zero-divisors in BC by G, and we set Go := GU {0}. 


We can summarize this discussion as follows. 
Theorem 1.5.1. Let Z #0, then the following are equivalent. 
1. The bicomplex number Z is invertible. 
. Z is not a zero-divisor. 
Be Bt £0. 
ZeZ #V, 
_2:L* € Oo. 
|Z|i #0. 
» [44 0. 
. (Zk ¢ Go. 
. If Z is given as Z = 21 + jza, then 22 + 23 £0. 
. If Z is given as Z = (1 + ido, then (2 + C2 £0. 


Since BC is a ring (we will comment on this with more detail in the next 
chapter) it is worth to single out the equivalence between (1) and (2) in Theorem 
1.5.1. Indeed, in a general ring, the set of non-zero elements which are not zero- 
divisors is a different set from the set of invertible elements; from this point of 
view BC is a remarkable exception. 

Of course the above Theorem allows us to give immediately a “dual” char- 
acterization of the set of zero-divisors. 


Corollary 1.5.2. Let Z #0, then the following are equivalent. 


COMNAaA KF wDnw 


— 
oO 


1. Z is not invertible. 
2. Z is a zero-divisor. 
3,220! =0=2-2Z, 
4. Z-Z* € Go. 

5. |Z|; =0 = |Z]j. 
6. |Z|k € Go. 

7 

8 


. If Z is given as Z = 2 + jza, then 27 + 23 =0. 


_ If Z is given as Z = G + ide, then P+ G =0. 
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1.6 Idempotent representations of bicomplex numbers 


It turns out that there are two very special zero-divisors. 


Proposition 1.6.1. The bicomplex numbers 


Leal 1a 

e:= 74 and el := se 

2 
have the properties: 
e-e! =0 
(thus, each of them is a zero-divisor); 
e” =e, (e!)? =e? 
(thus, they are idempotents); 
e+e! =1, e—el = jj. 


The properties of the idempotents e and e' cause many strange phenomena. 
One of them is the following 


Corollary 1.6.2. There holds: 
ie = —je, ie’ =jel, 
ke=e, ket = —el. (1.21) 
The next property has no analogs for complex numbers, and it exemplifies 


one of the deepest peculiarities of the set of bicomplex numbers. For any bicomplex 
number Z = z; + jzo € BC we have: 


zy —izgt+ 21 +ize 22 +121, + 22 — iz) 


Z=uy+ja= 9 J 5 
= 2 1z2 ’ ZY + 1z2 hace _ 1z2 “i ZL + 1z2 
ae carr 1% J 5 
. ,lt+ij . ,l-ij 
= (21 — iza) a (21 + iza) Hi 
2 2 
that is, 
Z = Bie + Poet, (1.22) 


where 6, := 2,—izg and (2 := 2,+iz2 are complex numbers in C(i). Formula (1.22) 
is called the C(i)-idempotent representation of the bicomplex number Z. 

It is obvious that since 6; and /y are both in C(i), then G,e+ Boe! = 0 if and 
only if 6; = 0 = 2o. This implies that the above idempotent representation of the 
bicomplex number Z is unique: indeed, assume that Z 4 0 has two idempotent 
representations, say, 

Z = Bet hel = Biet+ Bel" 
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then 0 = (6; — 61) e+ (62 — 84) el and thus 6; = By, B2 = BS. 


The following proposition shows the advantage of using the idempotent rep- 
resentation of bicomplex numbers in all algebraic operations. 


Proposition 1.6.3. The addition and multiplication of bicomplex numbers can be 
realized “term-by-term” in the idempotent representation (1.22). Specifically, if 
Z = B,e+ Bret andW =1,e+12e! are two bicompler numbers, then 
Z+W = (Bi tu)et (B2+w)el, 
Z-W = (B11) e + (Bar) et, 
Z” = pr e+ BF el. 


The proof of the formulas in the proposition above relies simply on the rather 
specific properties of the numbers e and e’. For example, let us prove the second 


property: 
Z-W= (Bie + Boe") (Ye + ve") 
= Bye “yye+ Bye : voel + Boel -yye+ Boel : veel 
= Bir, -e + By -0+ Ba, -0 + Bar. -e! 
= Bir, e+ Barz - el. 
We used the fact that e and ef are idempotents, i.e., each of them squares to itself, 
and that their product is zero. 


We showed after formula (1.22) that the coefficients 3, and (2 of the idem- 
potent representation are uniquely defined complex numbers. But this refers to 
the complex numbers in C(i), and the paradoxical nature of the idempotents e 
and e! manifests itself as follows. 

Take a bicomplex number Z written in the form Z = ¢; +i, with G, G2 € 
C(j). Then a direct computation shows: 


Z=oetage :=(G —ja)et(atie)el, (1.23) 


where a, := ¢, — jo and ag := ¢; + jG are complex numbers in C(j). So, 
we see that as a matter of fact every bicomplex number has two idempotent 
representations with COMPLEX coefficients, one with coefficients in C(i), and 
the other with coefficients in C(j): 


Z = Be+ Boel =ayet+aprel. (1.24) 
Let us find out which is the relation between them. One has that 
eZ = bje=aje 


and 
lZ= Bo el = a2 el, 
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thus the authentic uniqueness consists of the fact that not the coefficients 6, and 
a, (or 8 and az) are equal, but the products 8,e and ay;e (or Bye! and age’) are 
equal respectively. What is more, 3;e = aje is equivalent to (3, — a,)e = 0, but 
since e is a zero-divisor, then 8, —, is also a zero-divisor, that is, 8; —a; = A-el, 
where A can be chosen either in C(i) or in C(j). The latter is justified with the 
following reasoning. Take 6,, 62 to be 8; = cy + id,, Bo = co + ido, then 


Z = Bie+ Boel = (ec; +id,)e+ (co +idg)el 
=cje—jdje+mel+jdret 
=e-(c,—Jjdy) +e! - (ep + jade) 


=e-a,+el-ay, 


where ay = Cc; —jd\, a2 = co + jd; thus 


py = ay =e) + 1dy — ey + jd, = d, (i+)J) 
= id, (1 —ij) 
=2d,iel = 2d,je’. 


Example 1.6.4. Consider the bicomplex number: 
Z=(1+i) +j(3-2i) = a +jz. 


Then 6; = 21 —-izg = —1—2iand 62 = z1+iz2 = 3+4i, so in the first idempotent 
representation we have: 


Z=(-1-2ije+ (38 +4i)e'. 
Now we write the same bicomplex number as 


Then a, = ¢; —jég = —14+ 2j and ag = (1 +, jo = 34+ 4j. The second idempotent 
representation of Z is then 


Z = (-1+ 2j)e+ (8+4j)er. 


Thus in this situation By = -1-2i1= cy + id, = 34+ 41 = Cg — ido, ay = 
—14+2j =a —jdi, ag =3+4j = cg + jde and as we know it should be that 


By —-aQ = d,(i+j). 


Since 


By —oy = —2(i+ j) = —4ie’ = —4jel, 


one obtains d; = —2, which coincides with the value of d; in this example. 
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Let us see now how the conjugations and moduli manifest themselves in 
idempotent representations. Take Z = 8,e + Beet = aye + agel, with 8; and fo 
in C(i), a, and a2 in C(j). Then it is immediate to see that 


a= Boe oF Bel =aQe+ ayel; 
Z! = Bye + Bel = abe + alet; 
Z* = B,e+ Boet =ale+ abet. 


Hence, the squares of all the three moduli become: 
|Z|;=2-Z 
j 
= (Bie + Be") - (Bye + Bye!) 
— 1 B.e +r Bi Boe! 


= (aye + aye!) . (aze + aye) 


= ayage + ayagel = ayaz € C(j); 


Iai? =2- 2h 
= (Be + Boel) - (Be + Bie") 
= 8, B2,e + Bi Breb = B1 Be 
= (aye SP aye) : (ale + ale’) 


i iV ote cg 
= maje + (aah) e' € C(i); 


z=2-2" 
= (Bie + fre") - (Be + Bye") 
= BiByet BoBye! = |B1|7e a |Bo|7et 
= (aye P aye") : (ale + ale’) 


=aale+azatet = Jas|"e + Jay|"et e€ Dr. 


Observe that in the formulas for |Z|? the idempotent coefficients are non- 
negative real numbers and we will see soon that this is a characteristic property 
of non-negative hyperbolic numbers. Observe also that given Z = Bye + Boel = 
aye + aget with 61, By in C(i) and a1, a2 in C(j), then 


1 1 
Z\= 24 2— 24 2. 
21 =e VBP TP = Se Teal? + Teal 


We can characterize now the invertibility of bicomplex numbers in terms of 
the idempotent representations. 
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Theorem 1.6.5. Given a bicomplex number Z #0, Z = Pye + Boel =ayje+ age’, 
with 6, and Bg in C(i), ay and ag in C(j), the following are equivalent: 


1. Z is invertible; 
2. 6 £0 and fy £0; 
3. ay #0 and ag £0. 
Whenever this holds the inverse of Z is given by 
Zi= Byte + Bete! = a;'e + az'el. 


Proof. It follows using items (6) and (7) from Theorem 1.5.1 together with the 
idempotent expressions for |Z ic and |Z is 


Again, we have a “dual” description of zero-divisors in terms of the idempo- 
tent decompositions. 


Corollary 1.6.6. Given a bicompler number Z #0, Z = Bye+ Boe’ = aye+azel, 
with 6, and Bg in C(i), ay and ag in C(j), the following are equivalent: 


1. Z is a zero-divisor; 

2. By =0 and Bz £0 or B, £0 and By = 0; 

3. ay = 0 and ap £0 ora, £0 anda £0. 

This means that any zero-divisor can be written in one of the following forms: 

Z= (ie with (, € C(i) \ {0}; 
Z= Be! with By, € C(i) \ {0}; 
Z=aje with a,e C(j) \ {0}; 
Z=azel with age C(j) \ {0}. 


One can ask if there are more idempotents in BC, not only e and e! (of course 
the trivial idempotents 0 and 1 do not count). Assume that a bicomplex number 
Z = Be + Boel, with 6, and Gy being complex numbers either in C(i) or C(j), is 
an idempotent: Z* = Z. Then 


Bret B5e! = Bie + Boel 


and 
Bi=P: and 3 = fo, 
which gives: 
py € {0, ie Bo € {0, i}. 
Hence, combining all possible choices we have at most four candidates for idem- 
potents in BC: 


Z,=0-e+0-e! =0, 
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Zz =1-e+1-e! =1, 
Zz3=1-e4+0-el =e, 
Z,=0-e+1-e! =e’. 


Thus, one concludes that e and e! are the only non-trivial idempotents in BC. 


Remark 1.6.7. The formulas 


Z=Bie+ Boel and Zi= Boe + Biel, 


with 8, and Bz in C(i), allow us to express the idempotent components of a bicom- 
plex number in terms of the bicomplex number itself. Indeed: 


By = Bie + Biel = Ze+ Ziel: 
Bz = Bre! + Boe = Zel + Zle. 


Writing now the number Z with coefficients in C(j), Z = ye +e", we get 
a similar pair of formulas: 


“1 =netmnel = Ze+ Zel; 


2 = ye! +e = Ze+ Zel. 


1.7 Hyperbolic numbers inside bicomplex numbers 


Although the hyperbolic numbers had been found long ago and although we wrote 
about them at the beginning of the chapter, we believe that it would be instructive 
for the reader to have an intrinsic description of the properties of hyperbolic num- 
bers, and only then to show how they can be obtained by appealing to bicomplex 
numbers. 


For a hyperbolic number 3 = x + ky, its (hyperbolic) conjugate 3° is defined 
by 
3° = a—ky. 


The reader immediately notices that 
g-9 =2°-y' ER, (1.25) 
which yields the notion of the square of the (intrinsic) modulus of 3: 
lalnye = 2 — 9", 
which is a real number (it could be negative!). 


If both x and y are non-zero real numbers, but «2? — y? = 0, then the cor- 
responding hyperbolic number 3 = x + ky is a zero-divisor, since its conjugate is 
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non-zero, but the product is zero: 3-3° = 0. All zero-divisors in D are characterized 
by 2? = y?, i.e., 2 = +y, thus they are of the form 


3 =A(1+k) 


for any A € R \ {0}. 
The idempotent representation of the hyperbolic number 3 = «+ ky € D is 


3=(r+y)jet+(r—y)e®, (1.26) 


1 1 
where e = . (1+k), & = : (1 —k). We consciously use the same letter e that 


was used for the idempotent representation in BC since, as we will soon show, 
the two representations coincide in BC. Direct analogs of Proposition 1.6.1 and 
Proposition 1.6.3 can be reformulated in this case. 

Whenever there is no danger of confusion, we will denote the coefficients 
of the idempotent representation of a hyperbolic number 3 by s := «+ y and 
t:=a—y, so that we have: 


3=se+te®. (1.27) 


Observe that 


2 


lsikup = 2° —y? = (w+ y)(@-y) = st. 


Let us show now how these properties are related with their bicomplex an- 
tecedents. We are interested in bicomplex numbers Z = z1+-jzq with Im(z) = 
0 = Re(z2), that is, our hyperbolic numbers are of the form 3 = x1 + ij yo and the 
hyperbolic unit is k = ij. Then the o-conjugation operation is consistent with the 
bicomplex conjugations ¢ and bar in the following way: 


3° = ((a1 + id) + j(0 + iy2))! = ((a1 + i0) + j(0 + iy2)) =%@- kyo : 


For this reason, from this point on we will not write the hyperbolic conjugate of 
e as e° anymore, but we will use the bicomplex notation e!. 

For a general bicomplex number, the three moduli have been defined in Sec- 
tion 1.4. Let us see what happens if they are evaluated on a generic hyperbolic 
number 3 = 21 +kyo. Considering it as 3 = 21 + jze := (#1 +10) +j(0+iy2) € BC, 
we have: 


lal = 27 + 23 = 21 — 9 = [slhayp- 


Recalling that the definition of |- |; involves the }-conjugation, the definition of | - |; 
involves the bar-conjugation and that on hyperbolic numbers both conjugations 
coincide, we see that on hyperbolic numbers both moduli reduce to the intrinsic 
modulus of hyperbolic numbers: 


lal? = lalf = lalhyp - (1.28) 
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This is not the case of the third modulus: the hyperbolic-valued modulus of Z = 3 
is different than the intrinsic modulus of 3. Indeed, we have: 


Big=Z-Z2Z*=Z-Z=Z2% =3'. (1.29) 


In (1.28) we have a relation between the squares of the three moduli |3|;, |3|; 
and |3|nyp for hyperbolic numbers. The question now is how to define the modulus 
|3|nyp itself, which obviously should be defined as the square root of x7 — y3. Note 
that some authors consider the non-negative values of x} — y3 only. 


It is instructive to analyze the situation more rigorously and to understand 
if we have other options for choosing an appropriate value of the intrinsic modu- 
lus. Although we work here with hyperbolic numbers, at the same time one can 
think about bicomplex numbers also as of possible values of the square roots of a 
hyperbolic number. So let us consider the solutions in BC of the equation Z? = R 
for a given real number R. Write Z = 3,e + Boe!, then the equation Z? = R is 
equivalent to 


Bie + B2el = Re+ Rel 


which is equivalent to 
=k pas. 


If R = 0, then the only solution is Z = 0. If R is positive, then 


By =+VR; Bo =+VR, 
and we get four solutions: 


VR; —-VR; kVR; —kVR. 


These are all the solutions in BC, and they are real or hyperbolic numbers. 
If R is negative, then one gets: 


R= VR B= tivoR 


giving the following solutions: 


iJ-R; —-ivV—-R; 
ik/—-R=—-jv-R; 
ik/—-R=jv—-R. 
Thus, for R < 0 the equation Z? = R has four solutions none of which is a 


hyperbolic number; two of them are complex numbers in C(i) and the remaining 
two are complex numbers in C(j). 


Returning to the intrinsic modulus |3|,,, of a hyperbolic number 3 we see 
that in case x? — y3 > 0 this modulus can be taken as a positive real number 
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x} — ys or even as a hyperbolic number +k,/z7 — y3. But if 2? — y3 < 0, then 
there are no solutions in D, the candidates should be taken as complex (in C(i) or 


in C(j)) numbers. 
It is instructive to note that in case x7 — y3 > 0 the positive real number 
x7 — y5 coincides with the equal values of |3|; and |3|; as defined in Section 1.4. 
When 27 — y3 < 0, then |3|;,,, can be chosen either as |3|; € C(i) or as 
13]; € C(j) (recall that we have agreed to take, in both cases, the value of the 
square root which is in the upper half plane); as formula (1.29) shows, it cannot 
be chosen as |3|x. 


1.7.1 The idempotent representation of hyperbolic numbers 


Recall that the “hyperbolic” idempotents e and e® in (1.26) and the “bicomplex” 
idempotents e and el are the same bicomplex numbers (which are hyperbolic 
numbers!). Here (x + y) and (a — y) correspond to the idempotent “coordinates” 
(1 and 82 of a bicomplex number. Indeed, considering 3 = 21 + jzg := (a1 +10) + 
j(O + iye) € BC, its idempotent representation is 


a= Bye + Boel — (21 — izg)e + (21 + iza)el 
= (x1 — i(iy))e + (a1 + ifiya))el = (a1 + yo)e + (x1 — yp)et. 


Recall also that we have defined the set D* of non-negative hyperbolic numbers 
as 


+= {x+ky|«2?-y?>0, r>0}. 


The first of the defining inequalities gives the two systems: 


/\ 


cT—Y = 0 ’ Z-Y S$ 0 ’ 
or 
zrt+y > 0, r+y < 0, 
but the condition x > 0 eliminates the second system; hence, the set D* can be 
described as 


A 


Dt ={x+ky|x>0; |y|<z}, 


or as 
D* = {ve + pel eS Oy. 


Thus positive hyperbolic numbers are those hyperbolic numbers whose both idem- 
potent components are non-negative, that somehow explains the origin of the 
name. 

In Fig. 1.7.1 the points (a,y) correspond to the hyperbolic numbers 3 = 
x+ky. One sees that, geometrically, the hyperbolic positive numbers are situated 
in the quarter plane denoted by Dt. The quarter plane symmetric to it with respect 
to the origin corresponds to the negative hyperbolic numbers. The other points 
correspond to those hyperbolic numbers which cannot be called either positive or 
negative. 
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Figure 1.7.1: THE POSITIVE AND NEGATIVE HYPERBOLIC NUMBERS. 


Analogously, the non-positive hyperbolic numbers form the set 


= {a +ky |x <0; |yl< lal}, 


or equivalently 
D- = {ve+ pel | v, p< Of. 


We will say sometimes that the hyperbolic number 3 = ve + pie! is semi-positive 
if one of the coefficients w and v is positive and the other is zero. 

We mentioned already that D* plays an analogous role as non-negative real 
numbers, and now we illustrate this by computing the square roots of a hyperbolic 
number in D+. Take 3 € D+, then 3 = we + vel with yw, v € R* U {0}, and it is 
easy to see that all the four hyperbolic numbers 


Jpet vet 


square to 3, but only one of them is a non-negative hyperbolic number: \/je + 
Jvel. 

We are now in a position to define the meaning of the symbol |Z|, for any 
bicomplex number Z = 8,e + Bye". Indeed, we have obtained that |Z|2 = |81|?e+ 
|82|?e' which is a non-negative hyperbolic number, hence the modulus |Z|_ can 
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be taken as 
Z|x :=|Bile+ |B2let € Dt. 


We will come back to this in the next chapter considering the notion of BC as a 
bicomplex normed module where the norm will be D*-valued. Meanwhile we can 
complement the above reasoning solving the equation 


Ile = 10 


where 3 is an unknown hyperbolic number and tw is in D*. Writing 3 and tw in the 
idempotent form 3 = 6,e + Boe! and w = ye + y2e! we infer easily a series of 
conclusions: 


e If w =0, then 3 = 0 is a unique solution. 


e If tv is a semi-positive hyperbolic number, that is, tv is a positive zero-divisor: 
y1 = 0 and 72 > 0 or 71 > 0 and 72 = 0, then the solutions are also zero- 
divisors although not necessarily semi-positive: 


t 


g8= tye or a= 271€e, 
respectively. 


e If tv is positive but not semi-positive: y,; > 0 and yz > 0, then all four 
solutions are 


3 = vie qgel. 


1.8 The Euclidean norm and the product of bicomplex 
numbers 


We know already that for any two bicomplex numbers Z, W one has: 
|Z-W| < V2|Z|- |W]. (1.30) 


Note that this inequality is sharp since taking Z = e, W =e, one has: 


1 
V2 


le-e| = |e| = 


and 
1 


Ve 


But for particular bicomplex numbers we can say more. 


v2|el - jel = 


Proposition 1.8.1. Jf U =u, +jug € BC is an arbitrary bicomplex number, but Z 
is a complerz number in C(i) or C(j), or Z is a hyperbolic number, then 


a) if Z € C(i) or C(j), then |Z-U| =|Z| - |U; 
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b) if Z =a, + kyo €D, where x1 € R and yo € R, then in general 
|Z-U| # |Z] -|U]. 
More precisely, 
|Z-U/? = |Z? - |U|? +421 yo Re(i uy He). 
Proof. We prove first a). Indeed, take Z = z,; € C(i) and U = w+ jug = 
(uy —iug)e+ (uy +iuz) el, then 
|Z -U|? = | 21 (ur + jure) |? = | (21 v1) + §(z1 we) |? 
= |z1ui|? + |zru2? = la)? -|U)? = |Z)? - UP, 


where we used the fact that the Euclidean norm of a complex number (both in 
C(i) and in C(j)), seen as a bicomplex number, coincides with its modulus. 
Take now Z = 41+ jxo = (a1 —ixe)e + (x1 +izg) el € C(j), then 


|\Z-U|? =| ((w1 —ize)e + (x1 + ize) et) 
7 ((us — iug)e+ (t1 + iu) el) | 
— (1 —iaz)(uy —iug)e + (a, +ixg)(u; +iug)el|? 
1 5 : F F 
= (jay — ive|? + |r — iue|? + |ay + iva)? - Jur + iug|?) 


Z/?-\U/. 


Finally, take Z = 21 + ijy2 = (a1 + ye2)e + (21 — yo) et € D, then 


| 2 


(x1 + ijye ) - (ur + jua) 
(x1 + Y2) + (ur — ug) e + (@1 — yo) - (ur + jug) et|” 

(x1 + ye)? + Jur — iug|? + (a1 — yo)? > Ju + iug|*) 
=|Z|? -|U|? +421 yo Re(ius M2), 


and that is all. 


We have described some classes of factors Z for which the Euclidean norm 
of the product is equal to the product of the Euclidean norms. Now let us ask the 
question: can we characterize all the pairs (Z,W) for which the Euclidean norm 
is multiplicative? 

Proposition 1.8.2. Let Z = 8,e+ Boe! andW = ye+ Y2 e' be two bicomplex 
numbers, then 
|Z-W| =|2|-|W| 
if and only if 
|P1| =|62|, or |yl=lyl, or both. 
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Proof. One has: 
Z-W= inet Propel, 


1 
|IZ-wl? = 2 (|B1 val? + |B ‘y2|") , 
1 
|Z|? - |W)? = Z (B11? + [62I7) - (lavl? + lel?) , 


({G11? — |6217) - (laa? — |y21?) = 9, 


and that is all. 


Remark 1.8.3. Since |31| = |82| implies that |Z| = |G1| = |2| we may conclude 
that the multiplicative property of the Euclidean norm holds if and only if the 
Euclidean norm of any of the factors coincides with the modulus (as a complex 
number) of its idempotent component. Of course the contents of Section 1.8.1 does 
not contradict this conclusion. Note also that the pair 3; and Bz as well as the 
pair 7, and y2 can be taken, equivalently, in C(i) or in C(j). 


It turns out that the condition |(61| = || can be usefully interpreted in terms 
of the cartesian components. Take Z as Z = z1 +jzo = 6, e+ Bo et. Assume first 
that |G1| = |62| where 8; = 2 — ize, Bg = 2 +iz2; then 


\z1 = iz2|? = |z4 + iz2|? 
which is equivalent to 
21°22 Xr € R. 
The following cases arise: 


(1) if \ =0, then Z is in C(i), or Z = j z2 € j- C(i), or both; the last means that 
Z=0; 


(2) if \ 40, then 
‘ 


A= Teal? 


‘22, 


m 
ie., Z = 2 (>; +i) and Z becomes the product of a C(i)-complex num- 
22 

ber and a C(j)-complex number. 

Let us show that the reciprocal is also true. Take a = a, +idg, b = b; +jba, 
where ay, G2, 61, b2 are real numbers, and set Z :=a-b=a-b, +ja- bo, then 

Z = (ab; —iab2)-e+ (aby +iabe)- el 
=a: (by — ib) -e+a(by +ib2) vel = Bye+ Boel 

with |;| = |a| - [br — ibz| = Jal - |b] = | 59]. 


We summarize this reasoning in the following two statements. 
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Proposition 1.8.4. A bicompler number Z is a product of a complex number in 
C(i) and of a complex number in C(j) if and only if the idempotent components 
of Z have the same moduli as complex numbers. 


Corollary 1.8.5. The Euclidean norm of the product of two bicomplex numbers is 
equal to the product of their norms if and only if at least one of them is the product 
of a complex number in C(i) and of a complex number in C(j). 


The inequality 
|Z-W| < V2|Z|-|W| 


says that the relation between the Euclidean norm |Z| of an invertible bicom- 
plex number Z and the norm |Z~"| of its inverse is more complicated than the 
“conventional” one. Indeed, 


1=|Z-27| < V2. |Z -|Z>| 

and thus 
1 
|Z] 


We ask now for which class of bicomplex numbers the “conventional” formula 


a 2s |Z}, 


1 
Z| =- (1.31) 
|Z| 


holds? The answer follows from the conditions ensuring the equality |Z -W| = 
|Z|- |W], in which we can take W = Z~!, thus obtaining that (1.31) holds if and 
only if Z is a product of a complex number in C(i) by a complex number in C(j) 
or, equivalently, if and only if the Euclidean norm of Z coincides with the modulus 
of any of its idempotent components. 
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Chapter 2 


Algebraic Structures of the Set 
of Bicomplex Numbers 


2.1 The ring of bicomplex numbers 


The operations of addition and multiplication of bicomplex numbers imply directly 


Proposition 2.1.1. (BC, +, -) is a commutative ring, i.e., 


1. The addition is associative, commutative, with identity element 0 = 0+ 
j0, and each bicompler number has an additive inverse. This is to say that 
(BC, +) is an Abelian group. 


2. The multiplication is associative, commutative, with identity element 1 = 
14 j0. 


3. The multiplication is distributive with respect to the addition, i.e., for any 
Z, 21, Z2 © BC, we have: 


DG AG je 774-255. (2.1) 


This is a very particular ring, with a number of specific features which we 
will explain in what follows. 

Using the language of ring theory, one says that the invertible elements are 
called “units”, and generally speaking the sets of non-units and of zero-divisors 
do not necessarily coincide. As we saw before, in the ring of bicomplex numbers 
the non-units “almost” coincide with the zero-divisors. More exactly, if we exclude 
the zero from non-units, the rest of the elements are zero-divisors. In other words, 
if BC—! denotes the set. of invertible elements in BC, then we have a partition of 


C: 


BC = BC 'U6GUu {0}," 
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where G is the set of zero-divisors. 

As it happens in any non-trivial ring that is not a field, the ring of bicomplex 
numbers has many ideals, but we want to single out two of them, they are BC, := 
BC-e and BC,; := BC -e’. These ideals are principal in terms of the ring theory. 
The peculiarities of these ideals are: 


BC. 1 BC,; = {0}, 
BCe + BC gt = BC , 
e-BC,; =0 and e!- BC, =0. 


2.2 Linear spaces and modules in BC 


It is known that if S is a subring of a ring R, then R is a module over the ring 
S. In our situation, the sets R, C(i), C(j) and D are subrings of the ring BC, thus 
BC can be seen as a module over each one of these subrings, and of course, it is 
a module over itself. Now, since R, C(i) and C(j) are fields, BC is a real linear 
space, a C(i)-complex linear space and a C(j)-complex linear space. 

Recalling formula (1.9), we see that the mapping 


BC 3 Z=2,+iy+jro+kyo' > (£1, y1, 22, ye) € R* (2.2) 


is an isomorphism of real spaces, which maps the bicomplex numbers 1, i, j, k into 
the canonical basis of R*. We will widely use this identification. 

Equation (1.3) suggests the following isomorphism between BC as a C(i)- 
linear space and C?(i): 


BC > Z=24+jz- > (x, 22) € C*(i). (2.3) 


In this case the bicomplex numbers 1 and j are mapped into the canonical basis of 
C?(i). Composing this isomorphism and the inverse of the previous one, we have 
the following isomorphism between R* and C?(i): 


R* 3 (#1, y1, 22, y2) > (t1 tim, v2 +iye) € C7 (i). (2.4) 


Seeing now BC as a C(j)-linear space and using (1.4), we have the following 
isomorphism: 


BC 3 Z=G + iG +> (4, G2) € C*(J). (2.5) 


This isomorphism sends the bicomplex numbers 1 and i into the canonical basis 
in C?(j) and it induces the following isomorphism (of real linear spaces) between 
R* and C?(j): 


R* > (1, Y1, 2, Y2) > (1 + jxe, yi +jy2) € ‘oaeie (2.6) 


Obviously the isomorphisms (2.4) and (2.6) are different: this shows once 
again that inside BC the “complex sets” C?(i) and C?(j) play distinct roles. 
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One more difference that one notes considering BC as a C(i)- or a C(j)-linear 
space is, for example, that the set {1, i} is linearly independent when BC is seen 
as a C(j)-linear space, but the same set is linearly dependent in the C(i)-linear 
space BC. 

The reader may note that equation (1.7) suggests another C(i)-linear isomor- 
phism between BC and C?(i): 


BC > Z = (24, +iy,) +k (yo —ize) = wi +k we +> (wi, we) € C?(i). (2.7) 


The relation between the isomorphisms (2.3) and (2.7) is the following. Since under 
the isomorphism (2.3) the bicomplex numbers 1, j are mapped to the canonical 
basis of C?(i), then the bicomplex number k = ij is mapped to (0, i) € C?(i). Thus 
we have made a change of basis from the canonical one to the basis {(1,0), (0, i)}. 
The matrix of this change of basis is 


that is, the pair (z1, z2) € C?(i) is mapped to the pair (wi, w2) € C?(i) by the 
rule 
1 0 21 zy W1 


= = : (2.8) 
0 -i £2 -i a) W2 
This equality gives the precise relation between (2.3) and (2.7). 
A similar reasoning applies to C?(j), that is, inspired by equation (1.8), one 
defines the isomorphism 


BCS Z= (xy + jx2) +k(y2 —jyi) =w,+kwgt > (wi, Ww) € ‘eap? (2.9) 


The relation between (2.5) and (2.9) is given by a change of basis from the 
canonical one to the basis {(1,0), (0, j)}. The matrix of this change of basis is 


1 0 


and thus the pairs (¢1, ¢2) € C?(j) and (w,,w2) € C?(j) are related as follows: 
1 O 1 1 wy 


ae ©) =jig we 
The reader may note that we are “playing” with the different linear structures 


in BC. We have pointed out some differences between C(i) and C(j), although 
existence of the following isomorphism of fields is evident: 


Ci) > C(j), 
pla +iy) = 2+jy. 


(2.10) 
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This isomorphism arose implicitly in the first chapter when we compared the 
two idempotent representations, one with coefficients in C(i) and another with 
coefficients in C(j): 


Z = Biet+ fret = (c, +id,)e+ (co +idg) el 


(2.11) 
=ay,er az el = (cy —jdije+ (c2 +jdz)el, 


which shows that a1 = (y(f1))' and a2 = y(2). 

Following the line of defining isomorphisms between BC and the complex 
spaces C?(i) and C?(j), we will see that the idempotent representations suggest 
two more complex linear spaces isomorphisms. We need first the following propo- 
sition. 


Proposition 2.2.1. The zero-divisors 


Leal Lai 
e= a and ef = 


are linearly independent in BC when it is seen as a C(i)-linear space or as a 
C(j)-linear space. 


Proof. Using the isomorphism (2.3), the bicomplex numbers e and e! are mapped 


as follows: 
- 1 i = tt i) 
ere egy. ge ee 


1 i 1 
r = i 
e (5 5) 5 (L, -4), 


and considering the equation 


Ai(1, i) + Ae (1, -i) = 0, 


with A Ap € C(i), we infer immediately that Ay = Ap = 0. 
The same for C?(j). 


Using now (2.11), define the isomorphisms of complex linear spaces: 


BC 5 Z = B,e+ Brel ++ (1, B2) € C*(i), (2.12) 
(2.13) 


BC 3 Z=a,e+a,el ++ (ay,02) € C2(j 


Again, the relations between (2.3) and (2.12) as well as between (2.5) and 
(2.13) are given through the change of basis from the canonical ones to the basis 


((s2)-(22)} 
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(3) (3)} 


in C?(j). Using the matrices of change of basis we get the relations: 


in C?(i) and to the basis 


1 -i VAL eS 12 By 
= = (2.14) 
1 i 22 Zy+ i 22 Be 
in the space C?(i), and 
d, y G1 Ci — 162 ay 
i 3 Ga C1 +42 a2 
in the space C?(j). 
Consider now the set D? = D x D. With the component-wise addition in- 


herited from D it is an additive abelian group. Defining also the component-wise 
multiplication by the scalars from D, D? becomes a hyperbolic, or D-, module. 
Now, formulas (1.5) and (1.6) suggest the following isomorphisms of D-modules: 


BC 3 Z= (a1 +ky2) +i(y = k a2) = 31 + i32 -—> (31; 32) € D? (2.15) 
and 


BC3Z= (x1 +ky2) + j (x2 = ky1) = wy, + jw -—> (to1, 2) E D?. (2.16) 


2.3 Algebra structures in BC 


We have endowed the set BC with three structures of linear spaces, namely, real 
linear space, a C(i)-linear space and C(j)-linear space. Since the set BC is a ring 
all these spaces generate the corresponding algebras, one is a real algebra and the 
others are complex algebras. 

Let us begin with the real algebra. First of all, the real spaces isomorphism 
(2.2) induces the following multiplication in R* (which is of course the “real form 
of the bicomplex multiplication” ): 


(11, y1, £2, ya) + ($1, t1, 82, ta) 
= (1181 = yity — %289 + yato, xt + Y181 — Lote — y2S82, (2.17) 
£182 — yite + £281 — yoti, Tite + y1 82 + Loti + y281). 
It follows directly from the properties of the bicomplex multiplication that (2.17) 


endows R* with the structure of a commutative real algebra. Moreover, the iso- 
morphism (2.2) extends up to a real algebras isomorphism. 
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It is well known that there are not too many “reasonably good” multipli- 
cations in R*. The bicomplex multiplication given by (2.17) is one of these few 
options and one can compare it with the multiplication generated by quaternions. 

The next step is to consider both complex algebras. The isomorphisms (2.3), 
(2.7) and (2.12) give us three candidates for introducing a multiplication on the 
C(i)-linear space C?(i): 


(21, 22) + (pi, p2) = (21p1 — Zap, 21p2 + 221); 
(w1, W2) : (01, 02) = (w104 + w262, Ww 102 + w21); 
(a1, @2) - (C1, €2) == (a1€1, @2ca). 
Again, the properties of the bicomplex multiplication guarantee that each of 
these three formulas defines a commutative multiplication on C?(i). Looking at 


C?(i) as just a linear space, with no basis fixed, the three formulas define indeed 
three different multiplications. But endowing the C?(i) subsequently with the bases 


{(1,0), (0, 1)}, {(1,0), (0,4)}, { (5. 5) . (5. -3) \ sad wing OR) and (Ad), 


one can see that the three formulas define the same, unique multiplication on C?(i) 
although expressed in terms of the three bases of C?(i). 


For example, from (2.8), one has that 
W1 = 21, 0, = pi, 


and 
W2 = —129, 62 = —ipe, 


thus, 


(wi, w2) - (01, 62) = (w161 + w22, wid. + W261) 
= (21p1 — zope, —i(z1p2 + z2p1)) 
1 0 Z1P1 — Z2P2 


0 —-i Zz p2 + Z2p1 


wy, + W745 


I 


W102 + w2A4 


The case of the complex linear space C?(j) is treated in exactly the same 
way. 


Now taking into account that BC is a module over D and over itself, and that 
it is also a ring, we conclude that the set BC is a D-algebra and a BC-algebra. As 
such, BC is isomorphic to the D-algebra D? and the isomorphisms are given by 
formulas (2.15) and (2.16). 
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2.4 Matrix representations of bicomplex numbers 


It is well known that the field C of complex numbers is isomorphic to the set of 
real 2 x 2 matrices of the form 


In other words, the mapping 
oc: 2=2+iyEeCr ( : — ) 


is an isomorphism of fields between C and 


| 

y @ 
In particular, the matrices of this form commute under multiplication and any of 
them, but zero, has its inverse. Under this isomorphism the imaginary unit i is 


represented by the matrix 
0 -1 
rm(2 2). 
Take z = x + iy, then 


so = (3 a i )+u(4 yy athe tu. 


The square of the modulus of a complex number z coincides with det dc (z). 

In terms of representation theory the mapping ¢c is called a representation 
of the field C into a subset of the set of 2 x 2 real matrices. 

A similar reasoning applies to the ring BC. The mapping 


LYE RI =: Ac. 


bci) : Z = 21+ jz2 € BC +> ( ee ) (2.18) 


22 41 


turns out to be an isomorphism (of rings) between BC and the set of matrices 


{( on. ee ) ame ct}, 
ra) ZA 
Note the following identifications: 
F i 0 : ; 0 -l 
bc) (i) = ( 0 i ) =i, bcc) J) = ( 1 0 ) = J, 
1/1 -i 1 1 i 
cq) (e) = 9 ( :: a ) =€, dca(el) = 5( | ) = 
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Thus, for a bicomplex number Z = 21 + jzz its image ¢c(j)(Z) is 
éc(i)(Z) = lg + 27 = OiE+ BoE" : 


As one can expect, there are two analogous mappings which allow us to 
identify the bicomplex numbers with matrices having C(j)-complex entries, or 
hyperbolic entries: 


écq): 4 = 01 + ita € BC+ > ( a =O ) 


g 4 
on: Z =31 + 92 € BC ( 31 32 ) 
32 31 


It is instructive to repeat the above computations with these new mappings. 
Finally, the bicomplex numbers may be identified with real 4 x 4 matrices: 


ori Z= 2, + iy, + jro+ky2 © BC+ Yio 1 Yn 2 
2 —Y2 ZY ~Y1 
Y2 2 YW Ty 


Every 4 x 4 matrix determines a linear (more exactly, a real linear) trans- 
formation on R*. Of course, not all of them remain BC-linear when R? is seen as 
BC. Those matrices which represent BC-linear mappings are of the form ¢p(Z). 

Notice also that at this stage, we are considering again the following identi- 
fication between BC and R?: 


Z= 21 +iy + jre + kys <> (£1, y1, £2, y2)- 


This “forces” the following two identifications between BC and C?: 

Z = 24 jzo <9 (21, 22) = (41 + iy, v2 + iy2) € C?(i) > (21, x1, £2, yo) 
and 

Z =O + iGo > (G1, G2) = (21 + jo, yr + Jy2) € C7(j) > (21, 91, 22, y2) - 


Consider now an R-linear mapping T : R* — R* which represents also a C(i)-linear 
mapping, then the matrix of T is of the form 


a —b c -d 
b a dee 
Lo —-m u —v ? 
m k£ view 


meanwhile, if T represents a C(j)-linear mapping, then its matrix is of the form 


A B -E -F 
C D -G -H 
E F A B 
G H C D 
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It is clear that, as one should expect, the matrix ¢g(Z) represents both a C(i)- 
linear mapping and a C(j)-linear one. 


2.5 Bilinear forms and inner products 


On the real linear space R the following formula defines a bilinear form which 
serves simultaneously as an inner product: if z,y € R, then 


Br(w,y) = @-y, 
The corresponding (real) quadratic form is 
O := Br(2,2) = 2? 


and it defines the (square of the) Euclidean metric on R. 
The set C can be seen both as a real and as a complex linear space and each 
of these structures generates its own analogue of what we described above. 
When C is considered as a real linear space, that is, C = R?, then the bilinear 
form is given, for z= x + iy, w = u-+ iv, by 


Ber(z,w) := cut yu, 


which is exactly the canonical inner product on R*. The corresponding quadratic 
form is 
Ocr(z) = Ber(z,z) = 2? +y 


and it defines the (square of the) Euclidean metric on C. 
When C is considered as a complex linear space, then it has both a bilinear 
and a sesquilinear form: 


and 
Bo2(z,w) := 2-, 


the second of them being the canonical complex-valued inner product on C. They 
generate the quadratic forms 


Qc,1(z) = Belz, z) = 2 
and 
Qc,2(z) = Belz, z) = [z|? = x + y” ’ 


where again Qc.2(z) = Qc.r(z) is the square of the Euclidean metric on C. The 
forms Bc; and Qc are employed widely in different areas of mathematics, but 
Bc, is not called usually an inner product and Qc; does not define any metric in 
the classical sense. 
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Let us extend these ideas onto the bicomplex context. Starting with the real 
structure on BC, we see it as R* = {(21, 41,22, y2) = Z} and thus we endow it 
with the (real) bilinear form 


Bac. r(Z,W) := vu, + yi + LQUe2 + yov2 , 
which is the canonical inner product on R*. The corresponding quadratic form is 


Osc,r(Z) := Bacr(Z, Z) = a3 t+ yf +234 95, 


and it defines the (square of the) Euclidean metric on BC. 
When BC is considered as a C(i)-complex linear space, BC = C?(i), then it 
has both a C(i)-bilinear and a C(i)-sesquilinear forms: 


1 
Bacsa(Z,W) = 21+ wi + 22+ w2 = 5(ZW' + Z1W) 


and 
1 = 
Bsc.i(Z,W) = 21° W1 + 22° D2 = 3 (ZW" + ZW), 


the second of them being the canonical C(i)-valued inner product on C?(i). They 
generate the respective quadratic forms 


Qpc;i,1(Z) = Bees(Z, Z) = 23 +23 = Z- Zt = |Z)? 


and 


1 = 
3 (22* + Z1Z) 

L ig 4/2 loi. He 
5 (lZ le + |Z") = 5 (lZ lie + IZ|k) > 


Q8¢;1,2(Z) := Bac;i2(Z, Z) = |z1|? + |z0|? = 


I 


where, again, Qgc.i2(Z) = Qsc.r(Z) is the square of the canonical Euclidean 
metric on C?. The forms Bgc.i,; and Qgc.i1 are also widely known and used (for 
instance, in the theory of complex Laplacian and its solutions called complex 
harmonic functions), but Bgc.i1 is not called, usually, an inner product on BC, 
and Qgc.i,1 does not define any metric in the classical sense. 

The other complex structure on BC, BC = C?(j), is dealt with in the same 
way. In this context, it is worth writing the corresponding quadratic forms: 


Onej1(Z) = + G = ZZ = (ZF 


and 
1 _ 
Qpc,j,2(Z) = |C1/? + |d2|? = 5(22" + ZaN\ 
1 1 = 
= 5h + 12k) = SZ lk + [Zlk) 5 
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where we notice that the last one coincides with Qgc.j,2(Z), and both are equal 
to the square of the Euclidean metric. 
When BC is interpreted as D?, the situation is different. Of course, one sets: 


1 
Bsc:p,1(Z, W) = 31101 + 322 = 3 (2ZW" + ZW) 
and 
1 a; ee 
Bac;p.2(Z,W) := git + 32) = 5 (ZW! + Z*W) = 5(Z2W + ZW"), 


imitating the previous situations, but now both forms take values in D, not in C 
or R. Note also that the first of them is hyperbolic bilinear, and the second one 
can be called hyperbolic sesquilinear; what is more, setting 


Qpe;p,1(3) = Beep, (Z, Z) = 37 +33 = Z-Z* = |Z|k 
and 
Qxc;p,2(3) := Bae,p,2(Z, Z) = 3137 + 3233 
1 a 1, — 
= 5 (22! + Z°Z) = 5(22 + ZZ") 
1 : 1 a 
= 5 (I4li + |Z*|?) = 5 (l4lj +|Z*|?), 


one sees that Qgc.p,1 has hyperbolic values and that Qgc.p,2 takes real values, 
but it is not positive definite. Thus, the geometry behind them is much more 
sophisticated. In the next chapter we will elaborate on this. 

Finally, BC is a bicomplex module, i.e., a module over itself, which suggests 
the introduction of a bicomplex bilinear form 


Bec(Z,W) := Z-W 
and of three bicomplex sesquilinear-type forms: 


Bacbar(Z, W) := Z- W, (a bar-sesquilinear form) , 
Bac,(Z,W) := Z- Wt, (a {-sesquilinear form) , 
Bac,x(Z,W) := Z-W*, (a *-sesquilinear form) . 
The corresponding quadratic forms coincide with the three “moduli” previously 
introduced, which take complex or hyperbolic values, making the geometric aspect 


even more complicated than the above described case of the D-module BC = D?. 
Of course, this makes both cases even more interesting and intriguing. 


Let us consider again the R-valued quadratic form Qc¢.9(z) = x? + y’; since 
it coincides with Be.2(z, z), then Qc,2 enjoys the factorization 


Oc2 = (a + iy)(a — iy) = z-Z. 
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This identity can be seen as one of the reasons for the necessity of introducing 
complex numbers: if one wants to factorize Qc.2(z) (which is a real-valued and 
positive definite quadratic form; thus, in particular, the set of its values is R- 
one-dimensional) into the product of two linear forms which should be real two- 
dimensional, then the imaginary unit i emerges forcedly and generates the whole 
set C. 

A very similar idea is related with the bicomplex numbers. Consider the 
C(i)-valued quadratic form Qgci1(Z) = 27 + 23. We know that it factorizes into 


Opci = (21 + §2z2)(21 — jza) = Z- Z, 


where the set of the values of Qgci,1 is C(i)-one-dimensional but the factors are 
already C(i)-two-dimensional. Thus, the C(i)-algebra BC arises from a complex 
quadratic form in the same way as the real algebra C arises from a real quadratic 
form. Notice that the requirement for the factors to be C(i)-two-dimensional, not 
one-dimensional, is crucial since without it one has an obvious factorization 


ae + ze = (21 + izg) (21 — iz) (2.19) 


which does not serve our purposes. 

Let us show that no other number system, but BC, can play the same role. 
Assume that there exists a C(i)-two-dimensional commutative algebra such that 
the four elements of it, say, a, b, c, d, ensure the identity 


22 + 22 = (az, + bz2) (cz + dz) 
for all 21 and zg in C(i). Hence, for all z, and 22 it holds that 
zo + 22 = ace? + bdz? + (ad + bc)z122, 
which is equivalent to 
ac=1; bd = 1; ad+be=0. 
Thus, all the coefficients are invertible elements and 
ce 'd+d'‘c=0, 


Le., 
(Ait 
Therefore, denoting j := c~!d we have that j? = —1 and j~! = —j; the factoriza- 
tion becomes 
ae + 2b = (21 + jzo)(z1 — jze). 
Thus, the complex algebra we are looking for should be generated by 1 and by a 
new element j 4 +i, and we have arrived exactly at BC. 
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In the same way we can begin with the C(j)-valued quadratic form ¢? + G3 
and get the same BC which now will be seen as a C(j)-algebra. 
Finally, if we begin with the D-valued quadratic form 


31 +33 


acting on the D-algebra D?, then any of the two imaginary units, i or j, will arise 
giving the factorizations into two factors each of which is D-two-dimensional. 


2.6 <A partial order on the set of hyperbolic numbers 


2.6.1 Definition of the partial order 


We have noticed already a deep similarity between the role of non-negative hyper- 
bolic numbers inside D and the role of non-negative real numbers inside R. It turns 
out that this similarity can be extended and the (partial) notions “greater than” 
and “less than” can be introduced on hyperbolic numbers. Take two hyperbolic 
numbers 3, and 39; if their difference 32 — 31; € Dt, that is, the difference is a 
non-negative hyperbolic number, then we write 32 = 31 or 31 X 32 and we say that 
32 is D-greater than or equal to 31, or that 3; is D-less than or equal to 32. 

Writing these hyperbolic numbers in their idempotent form 3; = Bye + oe! 
and 32 = y,e + el, with real numbers 1, 62, 7; and y2, we have that 


31 S32 ifandonlyif 72> 6, and 22> fo. 


On Figure 2.6.1, 39 = Zo + kyo is an arbitrary hyperbolic number, and one 
can see that the entire plane is divided into four quarters: the quarter plane of 
hyperbolic numbers which are D-greater than or equal to 30 (3 = 30); the quarter 
plane of hyperbolic numbers which are D-less than or equal to 30 (3 X 30); and the 
two quarter planes where the hyperbolic numbers are not D-comparable with 3p 
(neither 3 = 39 nor 3 X 30 holds). 

Thus we have introduced a binary relation on D which is, obviously, reflexive: 
for any 3 € D, 3 X 3; transitive: if 3; <X 32 and 32 X 33, then 31 x 33; and 
antisymmetric: if 3; X 32 and 32 X 31, then 3, = 39. Since this relation is 
applicable not for any pair of elements in D, then the relation = defines a partial 
order on D. As can be expected, this partial order extends the total order < 
on R: if one takes two real numbers x; and x2, 21 < 22, and considers them as 
hyperbolic numbers with zero imaginary parts, then 7, X x2. 

In case 32 — 31 € D* \ {0} we write 32 > 3; and we say that 39 is D-greater 
than 31, or we write 31 ~< 32 and say that 3; is D-less than 32. This implies that 
3 € D* is equivalent to 3 = 0 and that 3 € Dt \ {0} is equivalent to 3 > 0; 3 € D~ 
is equivalent to 3 x 0 and 3 € D~ \ {0} is equivalent to 3 < 0. 

As a matter of fact, we can trace an analogy with the future and past cones in 
a two-dimensional space with the Minkowski metric. Specifically, let us identify a 
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Figure 2.6.1: A PARTIAL ORDER ON D 


one-dimensional time with the z-axis and a one-dimensional space with the y-axis, 
both axes being embedded into D and assume the speed of light to be equal to one; 
then the set of zero-divisors with positive real part, x > 0 is nothing more than 
the future of a ray of light which was sent from the origin towards either direction. 
Analogously, the set of zero-divisors with negative real part, x < 0, represent the 
past of the same ray of light. 

Thus, positive hyperbolic numbers represent the future cone, i. e., they cor- 
respond to the events which are in the future of the origin; the negative hyperbolic 
numbers, that is, those which after multiplying by (—1) become positive, represent 
the past cone, i.e., they correspond to the events in the past of the origin. 

Accepting this interpretation, we see how the set of hyperbolic numbers which 
are greater than a given hyperbolic number Z represents the events in the future 
of the event which is represented by Z. 


2.6.2 Properties of the partial order 


Let us describe here some consequences of the the definition of the partial order 
~<. We combine them into three groups. Let 3, tv and 9 be hyperbolic numbers. 
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(1) CONSEQUENCES OF THE DEFINITION ITSELF 


(11) CONNECTIONS BETWEEN THE ADDITION AND THE ORDER ON D 


(111) CONNECTIONS BETWEEN MULTIPLICATION AND PARTIAL ORDER ON DD 


If 3 and » are comparable with respect to x, then precisely one of the 
following relations holds: 


3~)D or 3>) or 3=0N. 


The inequalities 3 < ) and y = tv imply that 3 < tv. 


The inequalities 3 < and y < tw imply that 3 < tv. 


3 ~ ww implies that 3+ <w+ph. 


3 Xt implies that 3 +9 X w+ph. 
0 = 3 implies that —3 ~< 0. 


31 A 32 and yn X w imply that 3, +) X32 +10. 


31 X 32 and y < w imply that 3; + ~ 32+. 


If3 and 4 are non-negative hyperbolic numbers, then so is their product: 


+ 


ane 


If 3 and py are strictly positive hyperbolic numbers, then so is their 
product: 
3°) © D* \ {0}. 


If 3 and 4 are strictly negative hyperbolic numbers, then their product 
is strictly positive: 
3°0> 0. 


If one of 3 and 4 is strictly positive and another is strictly negative, then 
their product is strictly negative: 


3°) <0. 
If 3 < y and t > O, then 3-t <-w. 


If 3 < and t <0, then 3-t > y- Ww. 


If 3 is a (strictly) positive hyperbolic number, then it is invertible and its 
inverse is also positive: if 3 + 0 and 3 <n, then y~! + O and y7! <371. 


Example 2.6.2.1. Let. us illustrate the above properties solving for 3 = Bye + Boet 
in D the inequality 


Islk X10, (2.20) 
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where tv = ye + ye! is in D* and | - |x is the D-valued modulus. If t = 0 the 
unique solution is 3 = 0. Hence, consider tw € Dt \ {0}. The inequality (2.20) is 
equivalent to 


[Bile + |Bolet X ye + ye! 


which in turn is equivalent to the system 


I] <1, 
|B2| < ye. 
Thus the solutions of (2.20) are hyperbolic numbers 3 = 6,e + Boel with —7, < 


By <% and — 72 < 82 < y. This means that the inequality (2.20) is equivalent 
to the double hyperbolic inequality —w = 3 ~ tv. 


We introduce now the notion of a hyperbolic interval (or hyperbolic segment). 
Given two hyperbolic numbers a and 6b, a X b, we set 


[a,6]p = {3 €D|ax3x<6b}. 


Consider now two particular cases: 


e Let a = k and b = 1. Since obviously k = e— e' X 1 = e+ el, then the 
interval [k, 1], is well defined. The inequality 


k <3 = Bie+ foe! <1 


gives: 
1<fi <1, =15 p91, 


It turns out that in this case the hyperbolic interval is a one-dimensional set. 
See the Figure 2.6.2. 


Take now a = k and b = 2 (obviously k ~< 2). In this case the hyperbolic 
interval is given by 


[k, Jp = {3 = Fie + foe! |1< 6, <2 and -1<&) <2}, 


and it is now a two-dimensional set. See Figure 2.6.3. 


2.6.3 D-bounded subsets in D. 


Given a subset A in D, we define as usual the notion of D-upper and D-lower 
bounds, as well as the notions of a set being D-bounded from above, from below, 
and finally of a D-bounded set. There are some fine points here. If A has a D- 
upper or a D-lower bound a, then this means that for any a € A there holds that 
a is comparable with a and a < a or a x a. But this does not mean that the 
elements of A are necessarily comparable between them; the same happens taking 
two D-upper of D-lower bounds a and £ they are not always comparable. 
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el 


Figure 2.6.2: THE HYPERBOLIC SEGMENT |k, 1]p. 


If A Cc D is a set D-bounded from above, we define the notion of its D- 
supremum, denoted by supp A, to be the least upper bound for A, and its D- 
infimum infp.A to be the greatest lower bound for A. The “least” upper bound 
here means that supp A x a for any D-upper bound a even if not all of the D-upper 
bounds are comparable. Similarly the meaning of the “greatest” lower bound is 
understood. Of course, every non-empty set of hyperbolic numbers which is D- 
bounded from above has its D-supremum, and if it is D-bounded from below, then 
it has its D-infimum. This can be seen immediately if one notes that there are 
more convenient expressions for these notions. Given a set A C D, consider the 
sets A; := {a, | axe + agel € A} and Ag := {a2 | aqae+agel € A}. If A is 
D-bounded from above, then the supp A can be computed by the formula 


suppA = sup A; -e+ sup A, - el, 
If A is D-bounded from below, then the infp.A can be computed by the formula 
infp.A = inf A, -e+infA,-e’. 


The above formulas explain a very peculiar character of the partial order on D. 
Note only that although two D-upper (or D-lower) bounds can be incomparable 
nevertheless they are always comparable with supp A (or with infp A). 
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Figure 2.6.3: THE HYPERBOLIC INTERVAL |[k, 2]p. 


Let A and B be two subsets of D, denote by —A the set of all the elements 
in A multiplied by —1, and denote by A+ B the set of all sums 3+ 9 with 3 € A 
and 4 € B; define in the same fashion the set A- 8. The reader is invited to prove 
the following properties. 


e A set A is D-bounded from above (or from below) if and only if the set —A 
is D-bounded from below (or from above); for such sets it holds that 


infp(—A) = —suppA; supp(—A) = —infpA. 


e If A and B are D-bounded from below, then so is A+B and for such sets 
one has: 
infp(A) + infp(B) = infp(A +B). 


If A and B are D-bounded from above, then so is A+ and for such sets 
one has: 
supp(A) + supp(B) = supp(A+ B). 


e Assume that A and B are subsets of the set D* of non-negative hyperbolic 
numbers. If A and B are D-bounded from below, then so is A- 6 and for such 
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sets one has: 
infp(A- B) = infp(A) - infp(B). 


If A and B are D-bounded from above, then so is A- 6 and for such sets one 
has: 


supp(A - B) = supp(A) - supp(8) . 


2.7 The hyperbolic norm on BC 


We know already, for any bicomplex Z = 3,e + Goe', the formula 
[Zl == |Bile + |Bolet. 


That is, we have the map 


l-|k: BC —> Dt 


with the properties: 

(1) |Z|, = 0 if and only if Z = 0; 

(1) |Z-Wik =|Z|x-|W|k for any Z, W € BC; 
(m1) |\Z+W\|k x |Z\k + |W]. 


The first two properties are clear. Let us prove (III). 


|Z + Whe = |(B1 +11) +e + (B2 +2) -e" lk 
= |B, +|-e+ |B: +12|-eF 


X (|Ba| + |v) -e + ({B2| + |v2|) - ef 
=|Z\k + |W. 


The three properties (1)—(1I1) manifest again the analogy between real positive 
numbers and hyperbolic positive numbers; now we see that the hyperbolic modulus 
of a bicomplex number has exactly the same properties as the real modulus of a 
complex number whenever the partial order ~< is used instead of <. 

Because of properties (1)—(II1) we will say that | - |x is the hyperbolic-valued 
(D-valued) norm on the BC-module BC. 

It is instructive to compare (I1) with (1.13) where the norm of the product 
and the product of the norms are related with an inequality. We believe that one 
could say that the hyperbolic norm of bicomplex numbers is better suited to the 
algebraic structure of the latter although, of course, one has to allow hyperbolic 
values for the norm. 


Remark 2.7.1. (1) Since for any Z € BC it holds that 


Zhe < V2 (Z|, (2.21) 
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with |Z| the Euclidean norm of Z, then one has: 
|IZ-Wlke = V2-|Z|-|Wle.- 


In contrast with property (11) above, this inequality involves both the Euclidean 
and the hyperbolic norms. 


(2) Take 31 and 32 in D*, then clearly 


31 432 implies that |31| < |3el. (2.22) 


(3) Note that the definition of hyperbolic norm for a bicomplex number Z does 


not depend on the choice of its idempotent representation. We have used, for 
Z € BC, the idempotent representation Z = Bye + Boel, with 8B, and Bz in 
C(i). If we had started with the idempotent representation Z = y,e + y2e", 
with y, and y2 in C(j), then we would have arrived at the same definition of 
the hyperbolic norm since |G1| = |y1| and |G2| = |7]. 


(4) The comparison of the Euclidean norm |Z| and the D-valued norm |Z|,x of a 


bicomplex number Z gives: 


\Zlel = S VIA + [Ba = (ZI (2.23) 


where the left-hand side is the Euclidean norm of a hyperbolic number. 


2.7.1 Multiplicative groups of hyperbolic and bicomplex numbers 


The set Rt of strictly positive real numbers is a multiplicative group. For the set 
D* of non-negative hyperbolic numbers the situation is more delicate although it 
preserves some analogies. 


Introduce the set Dj", := D* \ Go of all strictly positive hyperbolic numbers. 


NV 


This set has the following properties: 


e if Ay and Az are in DS 
elcD;, 
e if\€ Dt. then ) is invertible in D and \~! € Dt 


Aare then A, - Ag € Dts 


nv? 


inv? inv’ 


Hence, Dt. is a multiplicative group with respect to the hyperbolic multi- 


plication and thus it is an exact analogue of Rt; what is more, R* is a subgroup 


of 


yt 


inv" 


The zero-divisors in D+ are either of the form 3 = Ae or of the form 3 = pel 


where A and pz are positive real numbers; so we will use the notations Df := 
{Ae | A > O} and Df, := {yet | . > 0}. Both sets of semi-positive hyperbolic num- 
bers are closed under hyperbolic multiplication but neither of them contains the 
number one. 
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It turns out that, anyway, both Df and Dt, can be endowed with the struc- 
ture of a multiplicative group. Beginning with DZ one observes that for any \ > 0 


one has that Ae-e = Ae, and —~e: \e = 1-e = e. Hence, if we endow Dz with the 


multiplication * which is the restriction of the hyperbolic multiplication, then on 
(D~ ,*) we have that 


1. if Aye and Age are in DZ, then their product \,e* Age = A,A¢2e is in (Dr, x); 


2. the element 1-e =e serves as the unit 1, for the multiplication «: 


1, xAe =e- Ae = de; 


1 
3. if Ae € (Dz, x), then xe is its *-inverse: 


1 
Aex~e=l-e=e=]l,. 


\ 


Thus, we conclude that (Df, x) is a multiplicative group. The same reasoning 
applies to the set D+, with obvious changes. Each of these groups is isomorphic to 
the group Rt. 

Obviously, the sets Dj, := D\ Gp and BC;,,, := BC \ Gop are multiplicative 
groups with their respective multiplications, thus 


Dy. Cc Dinv Cc BCinv; 


Inv 


where C means the embedding of group structures. At the same time we can use the 
same arguments on De := e-D\{0} = {Ae | A € R\{0} }, Dey := ef -D\{0} = {pel | 
ye R\ {0} }, BC, \ {0} := {Ae | Ae C\ {0} }, BC \ {0} := {wet | we C\ {0} }. 
The first two of them are isomorphic to the multiplicative group of real numbers, 
the last two are isomorphic to the multiplicative group of complex numbers. 

We leave the details to the reader. 


In addition to the references from the end of Chapter 1, such as [45, 56, 
57, 58, 65, 85], where some of the algebraic structures that we developed in this 
chapter have been introduced and studied, the most important contribution in 
this area is the book of Alpay, Luna—Elizarrards, Shapiro and Struppa [2]. This 
study introduces for the first time the notion of the hyperbolic-valued norm on 
the ring of bicomplex numbers, which we fully described in this chapter. 
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Geometry and Trigonometric 
Representations of Bicomplex 
Numbers 


The geometry of complex numbers coincides with the geometry of the Euclidean 
space R?, and this is because of a good compatibility between the algebraic struc- 
ture of C and the geometry of R?, which is expressed by the equality 


2°2=e +y'? = |2/?. (3.1) 


Moreover, the algebraic operations on complex numbers can be easily interpreted 
in terms of the geometry of the plane R?; for instance, to multiply by a complex 
number is equivalent to realizing a composition of a rotation and a homothety. 

One would want to extend this idea for the Euclidean space C?. But it turns 
out that the algebraic properties of quaternions, not those of bicomplex numbers, 
are compatible with the Euclidean structure of C? in the same way as the complex 
numbers are compatible with the Euclidean structure of R? = C. 

As for the bicomplex numbers, the situation is much more sophisticated since 
now we have several quadratic forms to deal with. Indeed, we know already that 
the analogues of (3.1) are: 


Z-Zia=zit 2=|ZPeECli), 2,22 € Cli); (3.2) 
Z-Z=G+Q@G=|2ZF €C(j), G2 © C(9); (3.3) 
ZH =74+32=|Z2 ED, 41,32 €D. (3.4) 


In addition, the usual Euclidean structure of BC = C? = R* yields the correspond- 
ing quadratic form 


ai t+ yi +05 + y5. 
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This means that the “authentic” geometry of bicomplex numbers is related 
to two complex quadratic forms (one is C(i)-valued, the other is C(j)-valued), one 
D-valued quadratic form and one real-valued quadratic form. 


3.1 Drawing and thinking in R* 


In this chapter we are going to analyze the geometry of the bicomplex numbers. 
But we begin first with the description of some usual Euclidean geometrical objects 
in R* and we will describe them using the bicomplex numbers; this is because BC 
coincides with R*+ when it is seen as an R-linear space and thus we will need to 
imagine geometrical objects in R*. 

In order to realize the peculiarities of the four-dimensional cube let us con- 
sider first the cubes in lower dimensions. In R! the cube with a vertex at the origin 
and of length one is the segment [0,1] (see Figure 3.1.1). 


6 i x 
Figure 3.1.1: THE ONE-DIMENSIONAL CUBE. 
Using this segment, one constructs the two-dimensional cube pasting per- 


pendicularly the cube of the dimension one at each point of [0, 1], i-e., pasting the 
translations of [0,1] and thus obtaining the square with unitary sides. See Figure 


Bul. 
7 . 


Figure 3.1.2: THE TWO-DIMENSIONAL CUBE. 


Extending this idea, we construct next the three-dimensional cube of side 
one by attaching at each point of [0,1] perpendicularly the cube of the previous 
dimension, that is, the squares of side one are attached. See Figure 3.1.3. 

To construct the cube in four dimensions we repeat the procedure: the three- 
dimensional cube of side one is attached now, perpendicularly, to each point of 
(0, 1]. See figure 3.1.4. 

In a sense, such a way of constructing contradicts our 3-dimensional intuition 
but since we have now an additional dimension the arising 3-dimensional cubes 
are parallel and they do not intersect at all. 
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Figure 3.1.3: THE THREE-DIMENSIONAL CUBE. 
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Figure 3.1.4: THE FOUR-DIMENSIONAL CUBE. 


The same idea allows us to visualize the whole 4-dimensional space with the 
coordinate axes 1%, %1, £2, £3: to each point of the axis x9, we attach, perpendic- 
ularly a copy of R*. See Figure 3.1.5. 

There is an alternative way of “seeing” the 4-dimensional world. Take, for 
instance, the real 2-dimensional plane spanned by 1 and i; to each point of it we 
attach perpendicularly a copy of the 2-dimensional plane spanned by j and k. 

Note that whenever we mention the perpendicularity we mean, implicitly, 
that the two sets pass through the origin and they are the orthogonal comple- 
ments of each other; if they do not pass through the origin, then they become the 
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Figure 3.1.5: R* AS AN INFINITE UNION OF COPIES OF R®. 


orthogonal complements of each other if they are translated to the origin. This 
is reasonably clear on the level of intuition for the 3-dimensional situation, and 
for the 4-dimensional case one can appeal to analogies in three dimensions; for 
instance, an analogue of the two planes which are perpendicular in R* may be two 
straight lines which are perpendicular in R?. 

Traditionally, the 4-dimensional cube is presented as a solid in R*+ whose 3- 
dimensional surface consists of eight 3-dimensional cubes which are glued together 
in a very particular way. We will see now that our approach does not contradict 
this vision. The matter is that if instead of pasting a 3-dimensional cube at each 
point of the interval [0, 1] on the axis 9, the process can be repeated pasting cubes 
at each point of the interval [0,1] but now on the axis x, or on the axis x2, or on 
the axis x3 (we will denote for short the corresponding intervals as [0, i], [0,j] and 
(0, k]), obtaining the same geometrical figure. With this in mind, let us introduce 
the notations: 


e C;, is the cube attached to the point r € [0,1]. 
e I, is the cube attached to the point s € [0, ij. 
e J, is the cube attached to the point wu € (0, jj. 
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e K, is the cube attached to the point v € [0,k]. 


Proposition 3.1.1. The (topological) boundary of the 4-dimensional cube is the 
union of the 3-dimensional cubes Co, Ci, Io, li, Jo, Jj, Ko and Ky. 


Proof. Follows by noting that the cubes Co, etc., are the “extreme cubes” when 
the described process applies to each of the following segments: [0, 1], [0, i], [0, jj, 
(0, kj. 


In order to see more precisely how the vertices of the cubes are glued together, 
we will write down the vertices explicitly. 


Figure 3.1.6: THE CUBES Co AND Ci) AND THEIR VERTICES. 


The vertices of Co are: 0, i, j, k, i+ j,i+k,j+k,i+j+k. The vertices of 
C; are: 1, 1+i,1+j,1+k, 1+i+j, 1+i+k, 1+j+k,1+i+j+k 

The vertices of Jp are: 0, j, 1+j, 1,k, j +k, 1+j+k, 14k. The vertices of 
ieare: i, 145, 1U4-74+3),74+1, 1 +k, 14546 1414) 4¢e 141k 

As one could expect, Co and C, are disjoint sets as well as Jj and J;. Never- 
theless, Co and Ig have the following common vertices: 0, j, k, j +k. This means 
that they are glued together along the square with these vertices. Similarly Co 
and J; are glued together along the square with vertices i, i+ j,i+k,i+j+k. 

The common square of the cubes C; and Ip has the vertices 1, 1 + j, 1 + 
k, 1+j+k; the common square of the cubes C; and J; has the vertices 1+i, 1+ 
ij, 1417-7, 14147415 

The vertices of Jo are: 0, 1, i, 1+i, k, 1+ k,i+k and 1+i-+k. The vertices 
of J; are: j, 1+ j,i+j,1+i+j,j+k,1+j+k,i+j+kand1+i+j+k. 

The vertices of Ko are: 0, 1, i, j, 1+i,i+j, 1+i+j, 14+ J; and the vertices 
of Ky, are: k, 1+k,i+k,j+k,1+i+k,i+j+k,1+i4+j4+k,14+j+k. 
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Figure 3.1.7: THE CUBES Jp AND J; AND THEIR VERTICES. 


Figure 3.1.8: THE CUBES Jo AND J; AND THEIR VERTICES. 
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Figure 3.1.9: THE CUBES Ko AND K_y AND THEIR VERTICES. 


Table 3.1 shows: 
e the vertices of the 4-dimensional cube (there are sixteen of them). 
e The vertices of each of its 3-dimensional sides. 
e At which vertices the 3-dimensional sides intersect. 


Observe that the first column gives all the vertices and the other columns 
show which cube corresponds to each vertex; besides, each row shows the cubes 
with a fixed vertex. 


3.2 Trigonometric representation in complex terms 


Any complex number z # 0 has a trigonometric form which involves the modulus 
(a real non-negative number) and the argument (also a real number). In this section 
we will show that bicomplex numbers which are neither zero nor zero-divisors have 
a trigonometric representation, where the modulus and the argument are complex 
numbers. We will see in the next sections that there exists also a trigonometric 
representation where the modulus and the argument are hyperbolic numbers: note 
that such a representation is available as well for zero-divisors. 

Thus, take Z € BC \ Go, that is, |Z|; 4 0. Then we write: 


; z ae 
Z= 2 + j22 = |Z|; te +z) . (3.5) 
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Table 3.1: THE VERTICES OF THE FOUR-DIMENSIONAL CUBE. 


0 Co Io Jo Ko 

1 C1 Io Jo Ko 

i Co I; Jo Ko 

j Co Io Jj Ko 
k Co Io Jo Kx 

1+i C1 I; Jo Ko 

14+j Cy Io Jj Ko 
1+k C1 Io Jo Kx 

i+j Co I; Jj Ko 
i+k Co I; Jo Kx 
jtk Co Io Jj Kx 

1+it+j C vf Jj Ko 
1+i+k C I; Jo Kx 
14+j+k C Io Jj Ky 
1+i+j+k C I; Jj Kx 
i+j+k Co qj Jj Ky 


Since 
(im) + (HR) 
ee ees) ea 
FAR Z|; 


‘ 22 
sinO = —., 3.6 
|Z]i ve) 


has at least a solution 0 € C(i). Actually there are infinitely many solutions, due 


the system 


21 
cos 9 = — 
[Z|i’ 
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to the periodicity of the complex cosine and sine functions. 

Notice that if Qo is a solution of the system (3.6), then the equality tan Q5 = 
z z 
= implies that 4 +i (it is known that the function tan z takes any value in C 
21 21 
except +i), but this is equivalent to saying that Z is not a zero-divisor. 


In analogy with the complex case, we call any solution of the system (3.6) a 
complex argument of the bicomplex number Z, and we denote by Argc)(Z ) the 
set of all these solutions. If we denote by O90 = 901 + i902 € C(i) the particular 
solution obtained by choosing its real part 69; in the interval [0,27), which is 
called the principal value of the complex argument, then 


Argey(Z) = {Oo + 2mm | m € Z}. 


For the principal value of the complex argument, we will use the notation argc) (Z). 
For a fixed m € Z, we denote by arge(j) m(Z) ‘= argci)(Z) + 2mm, thus 


Arge(i)(Z) = { argic() m(Z) |me zh ; 


For an invertible bicomplex number Z, we obtain its BC;-trigonometric form: 


(3.7) 


| Z =|Z\i(cosO + jsinO), 


where 9 is an arbitrary value of the complex argument. 
For complex numbers a representation of the form 


z=r(cosat+isina), r>0, 


implies that r = |z| and a € Arg(z). The bicomplex situation is more sophisticated. 
If a bicomplex number has a representation of the form 


Z =C:- (cosa +jsina) 


with C and a complex numbers in C(i), then C' is not necessarily the complex 
modulus of Z; it is so if and only if C’ is in the upper half-plane and in this case 
a € Argcy)(Z). If C is in the lower half-plane, then |Z|j = —C anda+7 € 
Argcq)(Z): this is because 
Z =C(cosa+jsina) = —C (—cosa — jsina) 
= —C (cos(a+ 7) + jsin(a+7)). 


We illustrate this phenomenon with the computation of the representation 
(3.7) for Z = z, € C(i). By definition 


21 if z, is in the upper half-plane; 
Z|: = ali = 27 = dev 
Zz if z; is in the lower half-plane. 
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Since Z = z = z (cos0 +jsin0O), then 


Argci)(Z) = Argo) (21) 
{0 + 27m = 27m | me€E z} if z, is in the upper half-plane; 


{O+ 7+ 20m = (2m+1)r | me€Z} if z is in the lower half-plane. 


Hence the trigonometric representation of any complex number in C(i) is: if 
z, belongs to the upper half-plane, then 


Z1 = 2 (cos(2mm) + jsin(27m)), me Z; 
if z; belongs to the lower half-plane, then 
zy = —21 (cos(2m+1)r+jsin(Q2m+1)r), meZ. 


Remark 3.2.1. We used the names upper half-plane and lower half-plane as follows: 
the upper half-plane for us is 


It := {z € C(i) | Im(z) > Vor z € [0, 00) }, 
and the lower half-plane is 
II” := {z € C(i) | Im(z) < 0 or z € (—00, 0) }. 


Thus z € II* if and only if \z\; = z and z € II~ if and only if |z|, = —z. 
Besides if z is a real number, then |z|j = |z|, the usual real-valued modulus of real 
numbers. Hence the complex modulus of a complex number extends the modulus of 
real numbers, not the usual modulus of complex numbers. 


Later on, we will see that the right-hand side of (3.7) is related with the 
bicomplex exponential function, which will be explained in Chapter 6. 

Note that if Z ¢ Go, then the complex moduli of Z and Z? are the same, 
which leads to 


Zam -jn=|Zhi (A -i7-) 
IZ]; * [Zi 
= |Z|j(cos 0 — jsinO) 
with © from (3.7). 
Given Z as in (3.7) and W = |W|;(cosQ + jsinQ), one has: 
Z-W =|Z\;(cosO 4+ jsin 9) -|W];(cosQ + jsinQ) 
= |Z|i|W]i ((cos O cos — sin O sin Q) + j(cos O sinQ + sinO@cosQ)), 
and therefore 
ZW =(|Z|i|W|i(cos(O + Q) + jsin(O + 2)). (3.8) 


As we have previously explained, formula (3.8) does not necessarily mean 
that |Z-W)|j is equal to |Z|j-|W]; and that 0+ belongs to Argoy)(Z-W). What 
we can conclude is: 
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(a) if the complex number |Z]; -|W|; is in the upper half-plane, then indeed 
|Z Whi = [Zi [Wiis 


besides, in this case 


and 
Argey(Z > W) = Argeg)(Z) + Argcqy(W); 


(b) if the complex number |Z]; - |W]; is not in the upper half-plane, then 
|Z -Wii = —|Z]i- [Wi 
besides, in this case 
(S) + Q +7 E€ Argcy)(Z : W) 


and 
Argo) (Z-W) +7 = Argcyy(Z) + Age (W). 


The BC;-analogue of De Moivre formula is a less direct generalization of its 
complex antecedent. On one hand, we can write, obviously, that 


Z" =(|Z\f (cosOgn +jsinOzn). 
On the other hand one can obtain by induction that 
Z” = |Z" |; (cos(n@) + jsin(n®)) , (3.9) 


but again not always |Z|? and |Z”|;, as well as nO and Ozn, coincide. They do 
coincide when the complex number |Z|}' is in the upper half-plane; if it is not, 
then 

IZ"); =—-|Z|~ and Ogn =nO+7. 


We will call formula (3.9) the bicomplex De Moivre formula, although under- 
standing that it does not always coincide with the trigonometric representation in 
complex terms of Z”. 

Since for an invertible Z there holds: 


04 2Z-Z1= 22 4 22, 


that is, 
ZAR + 8) = ZZ Zip? =1, 


then using the trigonometric form of Zt we have: 


Z1=Z1.|Z\>? = |Z|:(cos @ — jsin®) - |Z|;? 
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and finally 
Z-1 =|Z|7*(cosO — jsin®). (3.10) 


With this, formula (3.9) becomes true for any integer number n. 
This result allows us to write the quotient of two invertible bicomplex num- 
bers in trigonometric form: 


Z_ (4 


Wo (Wii 


(cos(O — 2) +jsin(O —)). (3.11) 
In particular, if we take W = Z? we get: 


Z 
a= cos(20) + jsin(20) , (3.12) 
which is, obviously, a bicomplex number of complex modulus 1. 

An analogous trigonometric form is obtained if we work with |Z|;. The defi- 
nitions and computations are completely similar, yielding the trigonometric form 


L= |Z|;(cos Vo + isin Vo) ; (3.13) 


where the complex C(j)-modulus of the bicomplex number Z = ¢1 + i. is 


IZ = + 


and (see the explanation above) Wo is a C(j)-complex number. The notions of 
argument, principal argument, and all the properties such as De Moivre formulas, 
etc., are true and are in a complete analogy with the BC; case; it is clear, for 
instance, what argc ;)(Z), aT&c(j),m(Z), Ar&c(j)(Z) mean. 


3.3 Trigonometric representation in hyperbolic terms 


It turns out that for our goals it is convenient to work with bicomplex numbers 
given in their idempotent representation 


Z = Bret foe! 


with @, and 2 in C(i). As we know, Z is not in Go, that is, Z is neither zero 
nor a zero-divisor if and only if its hyperbolic modulus |Z|, is a positive, non 
zero-divisor hyperbolic number. If this occurs, then we can write: 


Z=|Z\x-|Z|," - (Bie + be") 
=|Z|k° (\21|7* -e+|Bo|* -e!) ; (B,e + Boel) 
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which leads to 


real Bo ') 
Z=(|Z\k: | —-e+—-e'], 3.14 
Zn (are Ga = 
where the C(i)-complex numbers a and a are of (real) modulus one. Thus, 
1 2 


they are of the form 
rea iO, Be i02 


=e 


al ~~ ‘(Bal 


{61, 82} Cc [0, 27), hence 0; and 62 have a well-defined and well-known geometric 
meaning. Formula (3.14) leads us to consider the hyperbolic number 


(3.15) 


Uz = Oye + Qe! 


which, we believe, deserves the names of hyperbolic argument, or hyperbolic angle, 
associated to the bicomplex number Z. We will soon justify more properly both 
names. 

First of all, rewrite Z = x, + iy, + jvo + kyo € BC \ Go as 


Z = (41 + kyo) +i (m1 — kr2) = 31 + ig2 


with 3; and 32 in D. Then |Z|? = Z-Z* = 37+33 € Dt \ {0}, hence |Z|k = \/3? + 33 
is the value of the square root that belongs to D* \ Go. It follows that 


Z=|Z\u-|Z\* (31 + 32) 


= |Z 31 Ls 32 (3.16) 
= [ee Zs ee 2 
V3i+32  V31 +49 


where the hyperbolic numbers are such that the sum of 


a and Le 
V31 + 33 Vai + 33 
their squares is equal to one. 


This resembles the situation with the usual trigonometric functions cosine 
and sine of real or complex variables whose squares add up to one, and indeed, 
it will be shown in Chapter 6 that those trigonometric functions extend to all 
bicomplex numbers, the hyperbolic numbers included, and they still satisfy the 
identity 

sin? a + cos?a = 1 


for any a € BC. Since this identity is true in particular for a € D (this is because 
bicomplex trigonometric functions of a hyperbolic variable take hyperbolic values!) 
we conclude from (3.14) that for any invertible Z there exists a hyperbolic number 


Vo =1ye+ vel 


such that 


cos Vo = ots and sin Vp = 


Ze (3.17) 


32 
IZ i 
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note that because of the periodicity of trigonometric functions the choice of v1 
and v2 is not unique. 

Since Wg acts somehow as a hyperbolic argument, or hyperbolic angle, of Z, 
we must establish the relation between Vp and Wz. 


Proposition 3.3.1. Given an invertible bicompler number Z, it has a trigonometric 
representation in hyperbolic terms (or a BC,-trigonometric representation) given 
as 


Z=(|Z\|x- (cosUz +isin Vz) 
=|Z|k- (el -e+el” -el) 


with Vz =v,-e+v2-el € 1 being the hyperbolic angle, or hyperbolic principal 
argument, of Z. 


Proof. It is known (see again Chapter 6 but also [45]) that 
cos Vp = cos(v,e + v2") = cosy, -e+ cosy: el 


and 
sin Wp = sin(vje + ve") =sinv,-e+sinr2-el; 


hence 
cos Vg + isin Vp = (cosy; + isiny,) -e + (cosvg +isinv,)el. 
Combining this equation with (3.16) and (3.14) one gets: 
Z = |Z|x (cos Vo + isin Vo) 
= |Z|x (cos, + isin )e + (cos v2 + isinv2)e") 
1 2 

=|Z\|x (Set Sel) : 

Taking into account the periodicity of trigonometric functions and choosing the va- 


lues of 1) and v2 in the interval [0, 277) we obtain that Vo may be taken equal to Vz. 
We prefer the notation Vz emphasizing that the angle is linked to Z € BC\Go. 


In contrast with the complex argument of a bicomplex number which is de- 
fined for invertible bicomplex numbers only, we can define the hyperbolic argument 
for zero-divisors too. Consider, for instance, a zero-divisor Z = ( e, then 


Z-Z* =|fi\?e 


implying that |Z|, = |G1|-e, a semi-positive hyperbolic number; thus 
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and since is a complex number of (real) modulus one, it can be written as 


Aa 
[81 
e” with 1, € [0,27). In this case the hyperbolic angle associated to Z is the 
hyperbolic zero-divisor 


Vv := Ve. 
Analogously, if Z = Be, then |Z|, = |B2/eT and 
Z=|Z|k: ee ge |Z|,e'el. 
|B2| 


In this case, the hyperbolic angle associated to Z is the hyperbolic zero-divisor 
Y= vel 


with 12 € [0, 27). 


3.3.1 Algebraic properties of the trigonometric representation of 
bicomplex numbers in hyperbolic terms 


Our next task is to analyze the algebraic and geometric consequences of this 
representation. We start with the algebraic ones. First, in analogy with the (real) 
argument of a complex number and with the complex arguments of a bicomplex 
number, we introduce some notation. We denote by argp Z, for Z € 0, the principal 
hyperbolic argument of Z, that is, argp Z = Vz for Z € BCiny and argp Z =e 
or argp Z = 12e! for a zero-divisor Z. Then, Lm nip Z 1s 


asm nD Z:= (1 =F 2rm)e + (v2 + 2rn)el 


for an invertible Z and similarly for a zero-divisor. Finally, ArgpZ denotes the set 
of all possible hyperbolic angles: 


ArgpZ := {argm np Z | m,n in Z} 
for an invertible Z and similarly for a zero-divisor. 


Example 3.3.1.1. Let us consider the trigonometric representation in hyperbolic 
terms of some particular bicomplex numbers. 


(a) Given a complex number z = 2 + iy € C(i), then z = ze + zel; we have 
mentioned before that in this case the hyperbolic modulus coincides with the 
usual modulus of complex numbers, i.e., 


|zlk = |zle + |zle" = [2I. 


Hence, the trigonometric form of z in hyperbolic terms is: 


z= |2|- ( oe ae’) = |2| (ee + eel) = |z|e¥, 
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thus, the usual trigonometric form of the complex number z and its trigono- 
metric form in hyperbolic terms when seen as a bicomplex number, coincide. 
In particular, the hyperbolic argument of z, V, = 0e + de! = 6, coincides 
with the usual (real) argument of z. Hence 


Argpz = Argz = {9 +2mr|meZ}. 


The imaginary unit j has the idempotent form j = (—i)e + ie', thus |jlk = 
le + let = 1. Hence, its trigonometric representation in hyperbolic terms is 


j =lilk (-ie + ie’) = dire + clfel, 


3 
and its hyperbolic argument is UV; = ge + seh thus 


1 
Atos = { (3 +2m) ne + (5 +20) ret |mne zh. 


If Z =3 =ae+ bel, with a, b in R, that is, 3 € D, |3|x = |ale + ble’, then its 
trigonometric representation in hyperbolic form is 


a b 
3 = alk (cet a) = [alk ( 


|a| 


et). 


(0) 


Hence there are four options for the principal value of the hyperbolic argu- 
ment of a hyperbolic number as indicated in Figure 3.3.1: 


Uv, =0e + Vet = 0, 


or 
W,=O0e+ mel = mel, 

or 
3 = 7e+0e! = 7ze, 

or 


U,=nmet+nel =r. 


Hence the set Argp3 is, according to the quadrant the hyperbolic number 
3 is in, as follows: 


Argp3 
{2n(me + ne!) | m,n € Z} if 3 is in the 1° quadrant; 
{2nme + (2n + 1)rel | m,n eZ} if 3 is in the 2"¢ quadrant; 
7 {(2m + 1)re + 2nre! |m,n eZ} if 3 is in the 3" quadrant; 


{(2m + 1)re + (2n + 1)rel |m,n€Z}  if3 is in the 4” quadrant. 
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Figure 3.3.1: HyPERBOLIC ARGUMENTS OF HYPERBOLIC NUMBERS SEEN AS BICOMPLEX 
NUMBERS. 


Coming back to the properties of the trigonometric representation in hyper- 
bolic terms, take two invertible bicomplex numbers Z and W in their trigonometric 
representations in hyperbolic terms, then 


Z-W =(|Z|x (cos Vz +isin Vz) - |W, (cos Vw + isin Vy) 
=|Z|k-|Wlk- (el -e+ el” -el) - (el -e + elt. el) 
=|Z-W|x: (cos(Uz + Vw) +isin(Wz + Vy)) 
= wie (elles) e+ ellvatue) . e') 


(3.18) 


Hence, one concludes that 
Argp(Z ‘ W) = ArgpZ + ArgpW. 
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Similarly for the case when one of the factors, or both, are zero-divisors. 
In particular, taking Z = W one gets that 


2 =|Z\h- (ee eae?) ef) 


= |Z|k - ((cos(21) + isin(2, e + (cos(2v2) + isin(2v2)e!) . 


Using induction, we obtain an analogue of the De Moivre formula: for any 
n € N it holds that 


A — IZ|k . (etn) -et+ eil(nv2) A et) 
(3.19) 


= |Z|R - ((cos(nv) + isin(nv1)e) + (cos(nv2) + isin(nv2)e!)) . 


Similarly the case of zero-divisors. 
For an invertible bicomplex number its hyperbolic modulus is an invertible 
hyperbolic number, hence 


Zi = Z|," . mae -e+ eiv2 : e') 


which implies immediately that the De Moivre formula is true for any n € Z. 

Let us see what is the relation between the trigonometric representations 
in hyperbolic terms of Z and Z*. Since the *-conjugate of Z = B,e + Bzet is 
Z* = B,e+ Boel, we have: 


|Z" |x =|B1|-e + |a|-ef = |Z|x, 
thus 


+ pet... | Bi. Sel 
Boa (= org 


= |Z|k- (e™ nirep es et) : 
and we conclude that 
ArgnZ* => —ArgpZ, 


compare again with the complex numbers case. 


3.3.2 A geometric interpretation of the hyperbolic trigonometric 
representation. 
We will see now that, in analogy with the complex numbers situation, the hyper- 
bolic trigonometric representation of a bicomplex number provides information 
with clear geometrical interpretations. 
Since the hyperbolic modulus of a bicomplex number Z = 6,e+ S2e", with 5, 
and 3 in C(i), is the positive (not necessarily strictly positive) hyperbolic number 


[Z| = |1|-e + |62|-e!, 


www.EngineeringBooksPDF.com 


www.pdfgrip.com 
3.3. Trigonometric representation in hyperbolic terms 69 


one can formally define the bicomplex sphere S,, centered at the origin and with 
radius being a fixed positive hyperbolic number yo = ape + boe! € Dt, ice., 


S.,:={Z€BC||Z|k = 70}. 
Let us show that such a set can be visualized perfectly well. 


First note that if either ap or bo is zero, that is, yo is a zero-divisor, say 
Yo = ao: e, then 


Sy = {27 = B1-e | [Fil = ao }; 


this set is a circumference in the real two-dimensional plane BC, with center at 


a : 

the origin and radius B = |aq - e|. Similarly, if y = bo -e!, then the set S,, isa 
b 

circumference in BC,; with center at the origin and radius —~ = |by - e' |. 


V2 

Thus, whenever the radius of a bicomplex sphere is a (positive) zero-divisor, 
i.e., a semi-positive hyperbolic number, then the sphere is, in fact, a usual circum- 
ference. See Figures 3.3.2 and 3.3.3. 


Figure 3.3.2: THE BICOMPLEX SPHERE Sage. 


If a9 4 0 and bp ¥ 0, then the intersection of the hyperbolic plane D and the 
sphere S,, consists exactly of the four hyperbolic numbers tage boel, that is, 
in these points the plane D touches the sphere tangentially. What is more, in this 
case the whole sphere Sy, is the surface of a three-dimensional manifold with the 
shape of a torus (see Figure 3.3.4). 

We emphasize the fact that although the torus is three-dimensional as a 
manifold and its surface is a two-dimensional manifold, they both live in a four- 
dimensional world. This is because now the sphere S,, is given as 


Sy, = {Z = Bie + Boel ||B1| = a0, |B2| = bo } 
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bet 


0 


BCyi 


Figure 3.3.3: THE BICOMPLEX SPHERE Sy) +. 


which allows another description of this set: it is the cartesian product of the two 


3) 


as its radius; the other one, 


circumferences, namely, one of them, denoted by Cg (0 is situated in the 


ao 
V2 
b 

“). is situated in the plane BC,; having the origin as its 


v2 


as its radius. We illustrate this with Figure 3.3.4. 


plane BC, having the origin as its center and 


denoted by Cg: (0 


pat 
V2 

These spheres of hyperbolic radius have intrinsic interest, but for the moment 
we will use them in order to present a geometric interpretation of the hyperbolic 
argument of a bicomplex number Z € BC;,, written as 


center and 


Z=|Z\y (ei -e+ei”. e') 


with principal value hyperbolic argument argp Z = v;e + 2e! € Dy. 

Let us fix the value of |Z|k =: yo = ace + boel, then all the bicomplex 
numbers having it as their hyperbolic modulus belongs to the sphere S,, which is 
the surface of a Euclidean torus; as we mentioned before, this surface can be seen 


as the cartesian product 


clo e)-en(o) 


Any point of the torus is in one-to-one correspondence with hyperbolic num- 
bers of the form p1je + p2e! where ju, and pg are in (0, 27); the latter, in turn, are 
in one-to-one correspondence with the pairs of points each of which belongs to the 
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Figure 3.3.4: THE BICOMPLEX SPHERE OF HYPERBOLIC RADIUS age + boet. 


corresponding circumference: 


age“4e € Ce (0 =) : 
ipa at bo 
boe"#?e! © Ce; (0; — ]; 


and moreover, 
agele + boel2et = (age + bye!) - (ce + elle!) 
= 0° (cite + elt#2 ef) = 2. 
This shows that the value of the hyperbolic modulus of Z tells us on which sphere 
Z is situated and its hyperbolic argument determines the exact place of Z on the 
sphere. 


Note also that the sphere S,, is in a bijective correspondence with the hy- 
perbolic interval 


(0, 2)p = {3 € D| 0 X3 < 27} 
= {3=vje+ mel |, v2 € [0,27)} c Dt 


given in Figure 3.3.5. 


www.EngineeringBooksPDF.com 


www.pdfgrip.com 


72 Chapter 3. Geometry and Trigonometric Representations 


Figure 3.3.5: THE HYPERBOLIC INTERVAL [0, 27)p. 


The correspondence is given by 
age’e + boe!”2el > vie + rel. 


We will see later that this is related with the exponential functions of bicomplex 
and hyperbolic variables. 


Some of the geometric and trigonometric properties of hyperbolic and bicom- 
plex numbers have been studied in the literature in works such as [28, 45, 56, 100]. 
We also mention here [87] and [11], where trigonometric representations of hy- 
perbolic and hypercomplex numbers are studied, together with applications to 
Special Relativity. The authors of [11] emphasize that the hyperbolic numbers are 
“the mathematics of the two-dimensional Special Relativity”, and adapting this 
two-dimensional hyperbolic geometry to “multidimensional commutative hyper- 
complex systems” (such as bicomplex numbers) leads to a concrete application to 
Special Relativity in four-dimensional Minkowski space-time. The “separation” of 
the four-dimensional bicomplex space into spacelike and timelike parts (events) 
is captured by the geometry of the complex lines LD. and L,;, which we carefully 
study in complete detail in the next chapter. 
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Chapter 4 


Lines and curves in BC 


4.1 Straight lines in BC 


In this section we will investigate the complex straight lines in BC from both the 
algebraic and the geometric points of view. We will start by describing the well- 
known case of real straight lines in C(i), which we use as reference for the case of 
complex and hyperbolic lines in BC. 


4.1.1 Real lines in the complex plane 
A real straight line in the plane R? is given by the equation 
ajx + agy =b, (4.1) 


where a1, @2,b are real coefficients. Writing @ = (a1, a2), 7 = (x,y), (4.1) is equiv- 


alent to a 
(@, 2) _ (41,42), (@,y))m2 _ (4.2) 


[a} |a| | a| 


This formula has the following geometric description: a point (x, y) belongs to 
the straight line given by (4.1) if the corresponding vector has a constant projection 


b 
a on the straight line determined by a. 
a 
1 
Setting z := «+ iy and a := a, + iag and recalling that « = rica +2), 
1 : 

5 5 (4 +@) and az = 5@ — a), we obtain the complex form of 

writing equation (4.1): 


i 
Y= a(2 — 2); a, = 


az+az = 2b. (4.3) 


Geometrically, a complex number z belongs to the line @ given by (4.3) if 
Re(G@z) = Re(aZ) is equal to the constant b (see Figure 4.1.1). 
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az + az = 2b 


Figure 4.1.1: THE POINT z BELONG TO @ IF AND ONLY IF Re(@z) = Re(azZ). 


If we consider a and z in their trigonometric forms, i.e., a = |a|(cos dg + 
isin go) and z = |z|(cos@ + isin), then equation (4.3) becomes 
|a||z| cos(@ — Go) = 6. (4.4) 


The latter formula can also be obtained from (4.2). 

Note also that if z; and zg are two points on a real line, then the vector 
22 — 2 is a vector along the line. Then, since (@, 2 — 2) pz = 0, it follows that @ 
is a normal vector to our line, i.e., orthogonal to it. 

Thus the angle that our line makes with the positive direction of the abscissa 


axis is do + - The tangent of this angle is called the slope m of the line: 


m = —cot do = tan (0 + =) ; (4.5) 


If the line is given by equation (4.1) and ag 4 0, then m = —— 


a2 
In complex form, the case we are considering, i.e., dg # 0, implies that a 4 0 
and a # 0, thus if we divide by @ in (4.3), we obtain: 
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(4.6) 


We introduce the notation 


M := —— = —c!?%0 ei(2¢0+7) 
a2 
Since @ = |a|?a~+, then M = “Tae Moreover, in order to capture the slope 
a 
of our line, we write: 
uu—? ay + iag et tan(go+ 5)—-i  m-i 
~~ @& a, —iag =e tan(do+3)+i = m+i’ 


thus we get the slope: 


,1-M ,a@+a ay 
1 =i] = . 
1+M aG-a ag 


m= tan (do | = 


In conclusion, M is an intrinsic characteristic complex number for our real 
line, which determines its geometric slope. Equation (4.6) then becomes 


z=MZz+B, (4.7) 
2b 
where B := —. 
a 
We note here some particular cases. If M = —1, then a = @ = ay, a real 


number, i.e., @2 = 0, which yields the vertical line ajxz = 6, which has no well- 
defined slope. In complex terms the equation of this vertical line is z = —Z+ B, 


2b 
where B = — is a real number. 
ay 
If M = 1, then a = —@ = iag, so a, = 0, which yields the horizontal line 
2b 
agy = b. In complex terms we obtain z = 7+ B, where B = i— is a purely 


a2 
imaginary number. 


If it is known that the real line passes through a point z9 = 2 + iyo and it 
has slope m 4 0, then the equation can be written as 


¥— Yo = M(x 209), 


or in complex terms as 
z2+% = M(zZ+2). 


If the real line is determined by two points zo = 29 + iyo and 21 = 2, + iyi, 
such that x) 4 2%, it is given by equation 


ee a. (4.8) 
XL1— XO 


Y— Yo 
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The characteristic complex number M takes the form 


21-2 
M = 217% 
21 — 20 
so the complex equation of the line is 
Zz 
z+%=— "(+ 4). (4.9) 
21 — 20 


If in equation (4.8) we denote 21 — 2 =: 4 and y — yo =: V2, then, if we 
assume they both are non-zero real numbers, we obtain the equation 
Y—¥Yo 2X Xo 


= = t 
V2 V1 


? 


where ¢ is a real parameter. We get therefore a parametrization of this line given 
by 
x(t) =a +t, y(t) = yo t+ tre. 


Note that its slope is 
V2 


VA 
and its associated complex characteristic number becomes 


Then the equation of our real line is 


Y2% —- MWY = Y2% — Y1Y0; 


thus, in complex notation, the complex coefficient a = vg — iv, = —i(v, + iv2) and 
the parametrized equation becomes 
z(t) = 2 +t-ia. (4.10) 


If we restrict the real variable t to be in an interval [c,d] C R, then the equation 
above yields a straight line segment in R?. 
The parametric representation of straight lines is illustrated in Figure 4.1.2. 
Note that every point w on the line ¢;, seen as a complex number is of the 
form w = t-ia with a fixed, and any point of the line @ is obtained as the translation 
t-ia+ 2 of the point t-ia by the vector zo. Thus, any straight line which passes 
through the origin is the set of complex numbers 


lq = {w =da| A € R}, 


where @ is a fixed arbitrary complex number, and if the line does not pass through 
the origin but passes through a point, say z 9, then the line @ is the set of complex 
numbers of the form 

le +2 := {AG + 29 | A € R} 


for some a € C \ {0}. 
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Figure 4.1.2: PARAMETRIC REPRESENTATION OF A STRAIGHT LINE. 


4.1.2 Real lines in BC 


Take a non-zero bicomplex number Zp, then the real straight line which passes 
through Zp and the origin (that is, its direction is determined by Zo) is defined to 
be the set 

lz, = {AZo |r € R}. 


Let Z, be another bicomplex number different from zero, then the straight line in 
the direction of Zp and passing through Z; is the set 


lz + Zy = {AZo + Z1|rA ER}. 


4.1.3 Complex lines in BC 


In Section 4.1.1 we described real lines in C using both real and complex languages. 
In what follows we are going to extend the idea onto the complex lines, seeing them 
as analogues of the real lines in C but now inside BC which is seen as an analogue 
of the set of complex numbers. But saying “complex” in BC may mean any of the 
sets C(i) or C(j). We will start our analysis considering C(i)-complex lines. 
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Following the analogy with the real lines, we define a complex straight line 
in C?(i) to be the set of solutions (21, 22) € C?(i) of the equation 


4121 + a2Z2 = b, (4.11) 


where a, @2,b € C(i) are complex coefficients. Clearly, this equation is equivalent 
to a system of two real linear equations with four real variables, and thus it defines, 
generally speaking, a 2-dimensional plane in R*; this happens when the matrix of 
coefficients has rank 2; it is clear what happens if the rank is less than 2. 

If we see C?(i) as BC in such a way that Z = z + jzo, then we get: z1 = 


Z+Zi f= 
and zg = —j 


, thus the complex line (4.11) will be considered as a 


C(i)-complex line in BC with bicomplex equation 


AiZ+ AZt = 2, (4.12) 


where A = a, + jag 4 0 is a bicomplex coefficient. Here we have to distinguish 
between the point Z = z1 + jzo = 71 + iyi + jo + kyo, etc. (using all the possible 
writings for Z), and the vector Z , which is a vector in R* that joins the origin 
and the point (21, y2, 2, y2). Thus, in what follows, when it will be necessary, we 
will refer to the point Z as the point (z1, 22) € C?(i) or (wi, we) € C?(j) (writing 
Z = wi + iwe) or (61, 2) € C?2(i) (writing Z = Bie + Poet), or (1,72) € C?(j) 
(writing Z = y1e + 72e"). 
Note that if ay = 0, ag = 1, b = 0, equation (4.11) becomes 


0-2; +1-2=0, 


and the respective complex line is the set C(i) C BC. 
If a, = 1,a2 = 0,b = 0, then 


1-2, +0-22=0, 


and the complex line is the set C(i) -j Cc BC. 


4.1.4 Parametric representation of complex lines 


Let us consider an alternative way of describing a C(i)-complex line in BC which 
is equivalent to the one above. Take a fixed non-zero bicomplex number Zo = 
2) + jz € BC \ {0}. Consider the set 


Lz, = {AZo |r € C(i)}, 


and let us show that it is a C(i)-complex line which we will call the C(i)-complex 
line generated by Zp and passing through the origin. Indeed, for any element 
Z = 2% +jzo in Lz, there exists X € C(i) such that 


Z1 + jze =Z= AZo = Az? + jazg , 
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which is equivalent to the system 


ZL = Az 
Zo = Age 


Assuming that z9 4 0, one has that A = = and hence z, = a or 
*9 zo 
equivalently: 
Z1z8 — Zoey =0. 
This equation is a particular case of (4.11) with a, = z9, ag = —2? and b=0. 
If 2? = 0, the set 
Lz, = {Ad | Ae CH} = Ci) 
is the complex line C(i) with equation z2 = 0. 
Reciprocally, given a homogeneous equation 
21a, + 22a2 = 0 (4.13) 
with a, 4 0, then one can take Zo := —a2 + jaz; the set of solutions Z = 21 + jz2 


of (4.13) coincides with Lz,. 


Example 4.1.4.1. We know already that any zero-divisor is of the form {,e or 
B2e", that is, Z is a zero-divisor if and only if Z € Le \ {0} or Z € Le; \ {0}, thus 
the set of zero-divisors (together with the zero) is described by 


Gp = LeU Le: . 


Note also that here we have two complex lines (Ze and Lg) that intersect only at 
the origin. The reader should recall that in R® a pair of two-dimensional planes 
cannot intersect at just one point, but in BC & R?* there is an additional dimension 
which allows this phenomenon. 

The corresponding equations of the complex lines Le and L,; are, respec- 
tively, 


zy +izo =0 


and 


zy —1iz2 =0. 


In order to define a complex line that does not necessarily pass through the 
origin, take Wy = w?+jws € BC\{0}. Then the C(i)-complex line passing through 
Wo and parallel to Lz, (that is, a complex line with the direction determined by 
Zo) is defined as the set 


Lz, + Wo := {AZo + Wo|  € Cli}. 
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Let us show that this definition is equivalent to that of a complex line. Indeed, 
given a point Z € Lz, + Wo, with Z = z + jz, there exists A € C(i) such that 


21 =Azd+wu?, 


zg =Azd+u. 


Assuming again that 22 4 0, we obtain that the complex cartesian components of 
Z satisfy the equation 


ee = zz" = wz = woz? 3 


which is again a particular case of (4.11), now in its inhomogenous form. 
Reciprocally, given an equation 


2z1a1 + z2a9 = J, (4.14) 


with a; # 0 and az £0, let us find Z and Wo in BC\ {0} such that any Z = z1+jz2 
whose components satisfy (4.14) belongs to Lz, + Wo. From the above equation 


we can write z) as 
b- a2 1-— 22 
Z, = + ag : 
ay a1 


—] b— 
Define \:= 2 , that is, 27 = as Aag. Substituting in (4.14), we write 
Now Z2 as om 
22> 1+ Aay. 
b— 
Let us show that Zp := —ag+ja, and Wp := a +j are the bicomplex numbers 
ay 
which we are looking for; indeed, 
: b—ag 7 
AZo + Wo = —Aa2 + jAai 4 + J 
ay 
b-— a2 . 
= — a2 + j(Aai +1) 
ay 
= 21 + jzo = Z, 


thus Z is a point on the complex line Lz, + Wo. 
What happens if either a; = 0 or ag = 0? If a1 = 0, ag # 0, then (4.14) 
becomes 
a222 = b. (4.15) 


b 
We have already considered the case b = 0. If b 4 0, zq is the constant z2 = — 
a2 


and z, takes any value in C(i). Hence, (4.15) is the complex line L; + —j, where 
a2 


Ly = {Ai|A € C@)} = Ci). 


www.EngineeringBooksPDF.com 


www.pdfgrip.com 


4.1. Straight lines in BC 81 


Similarly, if ag = 0 and a; 4 0, then (4.14) becomes 
Qa12Z, = b, 


and if b 4 0, then it is the complex line 
b 
Lj+—j with L;:= {Aj|A€ Ci}. 
ay 


Let us come back to equation (4.12) where the coefficient A is defined to be 
A = a, + jaz; we know already that the bicomplex number Zp which determines 
the direction of the complex line is given as 


Zo = —a2 + ja, = j(a1 + jaz) =jA, 
that is, 


Thus (4.12) becomes 
ZZ — ZZ = 2b. (4.16) 


4.1.5 More properties of complex lines 
We continue now with some other properties of complex lines. 


Proposition 4.1.5.1. A non-zero bicomplex number U belongs to the complex line 
Lz, if and only if Lz, = Lu. Thus the complex line is generated by any non-zero 
bicomplex number lying on it. 


Proposition 4.1.5.2. The non-zero bicomplex number Zo belongs to © if and only 
if Lz, = Le or Lz, => Dei. 


The proofs of these two propositions are direct applications of the definitions. 
Corollary 4.1.5.3. Zo ¢ Go if and only if Lz, A Le = {0} and Lz, A Le: = {0}. 


It is instructive to look at equation (4.16) in idempotent form. Write Zo = 
Be + Bel, Z = Bie + Boer, then (4.16) becomes 


Bo B1 — BY B2 = 2id. (4.17) 
An immediate application of this formula is 


Proposition 4.1.5.4. If Zo ¢ Go, then the complex line Lz, + Wo intersects each 
of Le and Le; at exactly one point. 


Proof. Since Zp ¢ Go, then 8? 4 0 and BY ¥ 0. Let Z be a point in the intersection 


(Lz, +Wo)N Le, then its idempotent components satisfy (4.17) and 62 = 0. Hence 


2ib 2ib : ee : 
we have: 3; = —~,i.e., Z = —~e, and there are no other points in this intersection. 


ay a - 
Exactly in the same way, if Z € (Lz, + Wo) Ler, then Z2 = — Fret. 


1 
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If we perform a similar analysis in C?(j), then all the formulas and conclusions 
above are valid in their corresponding analogues. For example, the C(j)-complex 
line 

a1¢1 + 22 = VY, 


where all numbers and coefficients are in C(j), has the bicomplex formulation 
AZ + AZ = 2p, 


where A = a, + ia2g and Z = ¢, + ig are bicomplex numbers. Nevertheless, they 
are in the same set BC, so that, as a matter of fact, there are two types of complex 
lines in BC, the C(i)-lines and C(j)-lines. 

Given a C(i)-complex straight line, is it possible to consider it as a C(j)- 
complex straight line or reciprocally? This question is related with the following 
one: given a real two-dimensional plane in BC, is it always possible to consider it 
as a complex line? 

Here one can find some partial answers to these questions: 


e What are the C(i)-complex lines containing the number 1? Assume that L is 
such a C(i)-complex line of the form L = Lz, for some Z € BC \ {0}. Let 
L, be the complex line generated by 1, then obviously LZ; = C(i). We know 
also that 1 € Dz, is equivalent to Lz, = Ly, that is, L = C(i). 


Thus, among all the two-dimensional real planes which contain the axis xj, 
there is only one which has the structure of a C(i)-complex line. 


In the same way, among all the two-dimensional real planes which contain 
the axis x,, only C(j) is a C(j)-complex line. 


Other conclusions are: C(j) is not a C(i)-complex line; C(i) is not a C(j)- 
complex line. 


e As we did with the C(i)-complex straight lines, it can be proved in a similar 
fashion that, given Zp € BC \ {0}, the C(j)-complex line generated by Zo, 
i.e., in the direction of Zp, is the set 


Tz, = {uZo|u € C(j)}- 


As a consequence of these observations we can prove that: 


Proposition 4.1.5.5. The C(i)- and C(j)-complex lines generated by a non-zero 
bicomplex number Zo coincide if and only if Zo is a zero-divisor. 


Proof. Assume first that Z) € G, then Zp = Be or Z = yel, with 8,7 € C(i). If 
Zo = Be, then 
Lz, = {AZ = ABe| A € C(i)} = {ve| v € C(i)} 
= {(a + ib)e| a,b € R} = {(a-jb)e|a,be R} 
= {ne| ue Ci} =Tz,- 
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Here we used the “peculiar” identity ie = —je. Analogously for Zp = yel. 

Reciprocally, assume that Tz, = Lz, and suppose that Zp ¢ G. The equality 
of the sets Tz, and Lz, is equivalent to saying that given any \ € C(i), there exists 
pw € C(j) such that AZ = wZo. But since Zo is not a zero-divisor, the cancellation 
law can be applied to the latter equality, concluding that C(i) 5 \ = p € C(j), for 
any A € C(i), which is impossible. Hence Zp € G. 


We now come back to equation (4.12) and we analyze some more geometrical 
aspects of it. Here we are interested only in the case where A is not a zero-divisor. 
We know already that on this complex line all, but at most two points, are non- 
zero-divisors. 

We can write A and Z in their BC;-trigonometric forms: 


A = |A|j(cos O09 + jsin Oo), Z = |Z|i(cosO + jsin 9), 


where © and Op are the complex arguments of A and Z, respectively. Then equa- 
tion (4.12) becomes 
| Ali]Z]i cos(O — Oo) = b. (4.18) 


We observe here the similarity between the equations of real lines (4.4) and 
complex lines (4.18)! Moreover, inspired by (4.18), we define the C(i)-complex 
projection of Z onto A, for any invertible bicomplex numbers A and Z, by 


proj 4(Z) := |Z|; cos(O — Oo), 


where 0 — ©p can be called the complex angle between A and Z. We will come 
back to this notion later. 


4.1.6 Slope of complex lines 


Continuing along the same path of study of real lines in R?, we further investigate 
our complex straight lines. We continue for the time being to consider the case 
when A = —jZp is not a zero-divisor, hence also Zp is not a zero-divisor. We study 
first the subcase when a; = 0, thus ag 4 0 and Z = —ag. Hence Lz, = Lia, = 
C(i). Our straight line is of the form 


Lz, +Wo =C(i)+ Wo, 


b 
with Wp = — j. This is a complex line which we will call parallel to the complex 
a 


line C(i). fisting the convention that the complex line C(i) determines the notion 
of C(i)-complex horizontality, any complex line parallel to C(i) will be called C(i)- 
complex horizontal. 

It follows that |A]; = +a2, where the sign should be chosen in accordance 
with our agreement that the imaginary part of the complex number |A]; is non- 


F 7 7 
negative. In this case Og = — becomes a real number. 
sia 
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The equation of this line in trigonometric form is 


tay -|Z\j cos (6 — =) = +ag|Z|jsinO = b. 
Consider now the case a2 = 0, thus a; 4 0 and Zp = ja,. Hence 
Lay = Lia, = {darj|d € CD} = {ui | w € C()} = Ly. 


Notice that for any 4 = a+ ib € C(i) the product pj is uj = aj + kb, hence the 
C(i)-complex line L; is the two-dimensional real plane generated by j and k. In 
this case, our complex line is of the form 


Lz, +Wo = L; + Wo 
: Os 
with Wo = — +j. 
a 


1 
Note that for the set L; + Wo one has: 


eo 20k gp ctiles ecpase 
Ly + Wo ={w-j+ 7 tile ci} 


= {1-542 |e C@}=(wj+ 2 |vec@)} 


=Ip+—, 


b b 
In other words, one may take Wo = — and thus any point Z € L; + — is of the 
ay ay 


b b 

form Z = p-jt+—, ie., Z = 2, +jzq with a constant z; = — and an arbitrary 
ay ay 

complex number 2. 


Making now the convention that the complex line L; determines the notion 
of C(i)-complex verticality, any C(i)-complex line L; + Wo, that is parallel to Lj, 
will be called C(i)-vertical. 

Since in this case |A|j = +a; and Op can be taken to be zero, then the 
equation of any vertical line in trigonometric form is 


+a, - |Z]; cos(O) = b. 


Since L; C(i) = {0}, then any horizontal line intersects any vertical line in just 
one point. We have seen this phenomenon before, in the sense that R* is “wide” 
enough and a pair of two-dimensional planes may intersect at one point only. 

Now some words about the case when Z is a zero-divisor. By Proposi- 
tion 4.1.5.2, this is equivalent to Lz, = Le or Lz, = Let, thus, if Zo € G, 
then any C(i)-complex line Lz, + Wo is parallel to Le. or to Ley. We call these 
types of complex lines zero-divisor complex lines. 
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We will see now that it is quite appropriate to say that a complex line D := 
Lz, + Wo has the direction along Zp (or that it is parallel to Lz,) since we will 
relate the complex line with the complex argument of Zp. 

Recall that Zp = —a2 + jay, with 


Q1Z21 + agz2 = b (4.19) 
being the equation of a complex line parallel to Lz, and passing through Wo. Let 


us start with the case Zy) ¢ Go, which is equivalent to ZZ) ~ 0; thus, we can 
consider the trigonometric form of Zo: 


ag » ay eo: 
2= Zak (- J \= Zoli cos Wg + jsin Vo ‘ 
|Zo| Zo + 3/Zol Zoli ( ) 
One obtains directly that 
tan Vp = ge A, 
a2 


which we will call the complex slope of the line L. Comparing with equation (4.19), 
we have a deep analogy with the definition of slope of usual real lines in R?. Thus, 
the slope A of the complex line L is the tangent of the complex argument Wo of 
Zo, with Z ¢ Gg being a bicomplex vector that determines the direction of the 
line L. 

Note that if Zo = —a2 + jay is still a non-zero-divisor, but a2 = 0, we have 
seen before that in this case we have a vertical line, and again the analogy with real 
lines in R? is maintained, since we can define A = oo and the complex argument 
of Zo is > coinciding with the usual notion of a vertical line. 

What happens when Zp is a zero-divisor? We know already that Dz, = Le 


or Lz, = Let and our line is a zero-divisor complex line. Since in this case we have 
also that 


1 1 1 
Zo = —a2 + jay = A=(1 + ij) = =A + -id-j, A € C(i), 
2 2 2 
then 
A= a =xo1 
a2 
and since there are no complex numbers WV such that tan VY = +i we can define 


the slope of the zero-divisor complex lines as being equal to i or —i. 
The previous reasoning motivates the question about the relationship be- 


tween complex arguments of bicomplex numbers belonging to the same complex 
line. 
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4.1.7 Complex lines and complex arguments of bicomplex numbers 


Proposition 4.1.7.1. Given a complex line L = Lz, generated by Zp) € Go and any 
S €Lz,, then the complex arguments of S and Zo are related as follows: 


Argcq)(S) = Argc(y (Zo) or Argo) (S$) = Agcy (Zo) + 7. 
In other words, the slope of Lz, does not depend on the generator Zo. 


Proof. Given S € Lz, \ {0}, then there exists A € C(i) \ {0} such that 


S=XZ =A (2 + jz) = Az? + jaz); 


hence S ¢ Go. We know already that |S]; = +|A|i- |Zoli- More precisely we have 
to consider the following cases. 


(a) If A € II*, the upper half-plane, this is equivalent to |A|j = A, and thus 
Arg) (A) = {2rm | meZ}. 


(a.l) If |Ali-|Zoli = A] Zoli € I, then |.9|; = A|Zo|; and thus 
Argcqy (S$) = Argciy (A) + Argeqy(Z0) = Argcciy (Zo); 
(a.2) if |Ali- |Zoli = A|Zoli € HT, then |S]; = —A|Zo|; and thus 
Argea)(S) = Argeq)(A) + Argeq) (Zo) + 7 = Argey(Zo) + 7. 


(b) Now, if A € II, the lower half-plane, this is equivalent to |A|j = —A and thus 
Argo (A) = {(2m +1)r | mE Zz}. 


(b.1) If |Al; : \Zoli = —A\Zoli E II", then |S|j = —A\Zoli and thus 
Argey(S) = Argcyy(A) + At&eriy (Zo) 
= Argeiiy(Zo) + 7- 


(b.2) if \Ali : \Zoli = —A\ Zoli ell, then |S|i = \|Zoli and thus 


Argo (5) = Argca)(A) + Atgcii) (Zo) + 7 = Arc (Zo). 


The proposition above inspires the idea of complex rays. 


Definition 4.1.7.2. We define the C(i)-complex ray in the direction of Zy 4 0 to 
be the set 


RE = {s = Z| € C\ {0} and Argeyy(S) = Argc(y(Zo) } U {0}, 
and the C(i)-complex ray in the “opposite” direction of Z, 4 0 to be the set 


RZ, = {s = Z| A € C \ {0} and Argc) (S$) = Argc( (Zo) + n\ U {0}. 
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We are able now to provide different ways of writing the equation of a complex 
line, according to the information that one has at hand. Consider first the case in 
which LF is not a vertical line, thus az 4 0, and write the equation of L as 


z= zc =Az+c, (4.20) 


b . 
with c= —. Let Z = 21 +jze be such that its cartesian components satisfy (4.20). 


a2 
Using also the relations 


i : 
m=5(Z+2),  m=4(zt—z), (4.21) 
one obtains: 
Z=pZi +c, (4.22) 
A-j 2b 
ith p:= —_—~ and C := —~... 
me PS a2(A +3) 


Assume now that we have a line L with slope A = A; +,jAg 4 0 and passing 
through the point Sp = s? + js$ with s? and s§ in C(i). We know that L is of the 
form Lz, + So. Note also that if Z = z1 + jzo € L, then Z — So € Lz,; since 

Z — So = (21 — 81) + i(z2 — 83) 


one has that the slope can be written as 


0 
zZ2— 8 
A= >=, 
21 — 87 
that is, in this case the equation of L is 
z2 — 88 = A(z, —s?). (4.23) 


Using again (4.21) and the recently defined p, the previous equation can be written 
in terms of Z and Z?: 
Z—So = p(Z' — Si). (4.24) 


Here one notes that if L passes through the origin, one may take Sp = 0, and 
any non-zero Z € L satisfies then 
ZZ... Aaj 
Zi PAG 
Following what one does for real lines in R?, we would like now to find the 


equation of a complex line passing through two given points. We need first a few 
results. 
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Proposition 4.1.7.3. A real two-dimensional plane L containing the origin (thus L 
is an R-linear subspace of dimension 2) is a C(i)-complex line passing through the 
origin if and only if Z © L implies iZ € L. 


Proof. Assume first that DL is a C(i)-complex line. Since 0 € L, then L = Lz, for 
some Zp € BC \ {0}. Given S € Lz,, then S = AZp for some X € C(i), hence 
iSs= (iA) Zo ‘ Lz =. 


For the reciprocal statement, given any Zp € L, the set {Zo,iZ} is a linearly 
independent set in R*, thus the R-linear subspace L{Zo,iZo} generated by it 
coincides with L. Thus L = Lz, is a complex line. 


Proposition 4.1.7.4. If there are two points Z and W in a real two-dimensional 
plane L containing the origin, such that the difference of their complex arguments 
is neither zero nor 7, then L is not a C(i)-complesx line. 


Proof. Follows directly from Proposition 4.1.7.1. 


Proposition 4.1.7.5. Given Zo € BC \ {0}, there exists a unique C(i)-complex line 
L passing through Zo and the origin. 


Proof. The proof follows from the fact that D is a real two-dimensional plane 
containing Zp and iZo. 


Let us come back to the task of finding the equation of the complex line 
passing through two given points S and W. Set Zo := S— W and let Lz, be the 
unique C(i)-complex line that contains Zo. If S = s? + js? and W = wf + ju, 

0 


—w 
then Z = (s? — w?) +j(s9 — w9), thus the slope of Lz, is A = = 7 
50 


Having 


1 1 
the slope and the point S that belongs to L, and using (4.23), the equation of L 
is: 


0 0 
0 _ $27 W2 0 

= . : 4,25 

£2 — $9 3 wo (z1 $9) ( ) 


4.2 Hyperbolic lines in BC 


In this section we will follow the scheme developed for complex lines to introduce 
hyperbolic lines in BC. This means that we are interested in solutions (31,32) € D? 
of the equation 

131 + do32 = b, (4.26) 


with a,, dz and 6 in D, but only in those solutions which form real two-dimensional 
planes in BC; only such sets of solutions we will call hyperbolic lines. Thus, we have 
to analyze equation (4.26) for different combinations of values of its coefficients. 
But first we use the bicomplex language for rewriting (4.26). Writing 3; := 
1 +kyz and 32 := y1 +k(—22), we can identify any solution (31,32) € D? of (4.26) 
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with the bicomplex number Z = x; + iyi + jro+kyo = (a1 +ky2) +i(y1 — kag) = 
31 + i32 € BC, thus we will say also that Z is a solution of (4.26). 
Since Z* = 3; — ij2, hence 


1 i 
g1= 5 (2+ 2") and g2 = 5 (Z" — Z) 


and (4.26) becomes 
A*Z + AZ* = 2b, (4.27) 


with the bicomplex coefficient A := a; + ia. 
Consider as an illustration some particular cases. 


1) If a) = 0, ag = 1, b = 0, then 32 = 0 and 3, takes any hyperbolic value, that 
is, the set of solutions of the equation 


32 =0 


is the set {31 |31 € D} =D. 
2) If a, = 1, ag = 0, b = 0, we have the equation 
31 = 0, 


which describes the set iD. 


As it would be expected both the set D and the set iD are hyperbolic lines. 
Recall that the (real) two-dimensional plane D is neither a C(i)-complex line nor 
a C(j)-complex line. 

In order to analyze (4.26) we write every hyperbolic number in its idempotent 
form: 


a, =al-et+tad-el, ag=al-e+az-el, b=uy-e+m-el, 


gr=m-etm-el, jg2=ni-etnp-el, 
where all the coefficients are real numbers, and we write 


A=a) + ia, = (aje + age!) + i(aje + age!) 


= (aj + iaj)e + (a) + ia5)el 


and 
Z = 31 + ig2 = (ni t+inj)e + (ny +ing)el. 


We observe that the component (n}+in?)e = nte+nzie can be seen as a point (or 
vector) in the real plane BC, (which is a complex line) with coordinates (nf, 7); 
the same comment applies to the other component of Z as well as to both com- 
ponents of A. 
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Hence, equation (4.26) in idempotent form becomes 
(aint + ajnj)e + (aan, + a3n3)e! = re + rye", 


which is equivalent to a couple (not a system) of independent real equations: 


1 2,2 
aN + A573 = V2. 


We begin by excluding the situations in which we obtain, as the set of solu- 
tions, the empty set or the whole BC: 


(1) a; = a2 = 6 = 0 (in this case equation (4.26) defines the whole BC), ie., 


A=b=0. 
(II) a, = ag = 0, b ¥ 0 (in this case the set of solutions is the empty set), i-e., 
A=Oand 640. 
U1) a, = ate and ay = ave with real coefficients al and a? which are not 
1 1 1 1 


zero simultaneously, but 6 = vye + vel, with vo # 0 (empty set), ie., 
A = (at + iaj)e and b ¢ BCg. 


(Iv) a, = adel and ag = age! again ad and a3 real numbers not zero simulta- 


neously, but 6 = v;e + 12e!, with v; 4 0 (empty set), i.e., A = (ad + ia3)et 
and 6 ¢ BC, i. 


In all these situations the solutions of (4.26) do not form a hyperbolic line. 


There are more sets of solutions of (4.26) which do not form a real two- 
dimensional plane; they arise if 


(v) A and 6 are in BCg, ie., A = (at + iaz)e and 6 = e (note that a4 = a3 = 
Q>= 0). 


(v1) A and 6 are in BC,;, ie., A = (a3 + ia3)et and b = re! (note that 
jigs eee ee 
ay =aj=™=0). 


If condition (v) holds, then the second equation in (4.28) determines the 
whole real two-dimensional plane BC,; and the first equation determines a real 
line in the real plane BC,; hence (4.28) determines the cartesian product of the 
real line in BC, with the plane BC,;, that is, a three-dimensional set in BC. The 
same applies to the case (v1). We do not call these sets hyperbolic lines. 


Theorem 4.2.1. Equation (4.26) determines a hyperbolic line if and only if none 
of the above six restrictions is valid. 


Proof. The independent equations in (4.28) determine a two-dimensional set if 
and only if each of them determines a one-dimensional set, which holds if and only 
if none of the six conditions hold. 
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Corollary 4.2.2. A real two-dimensional plane P in R* © BC is a hyperbolic line 
if and only if its projections onto the complex lines BC, and BC,; are usual real 
lines. 


Remark 4.2.3. Let Tl, be any real line in the plane BC, and let [2 be any real line 
in the plane BC,;; then Theorem 4.2.1 and Corollary 4.2.2 together say that the 
set 


Tie + Tse! 


is a hyperbolic line in BC and that every hyperbolic line in BC is of this form. 


4.2.1 Parametric representation of hyperbolic lines 


As we did with complex lines, we will see now that any hyperbolic line that passes 
through the origin can be obtained by taking “hyperbolic multiples” of a non-zero 
bicomplex number. In other words, we will prove the following 


Theorem 4.2.1.1. Given a bicomplex number Zp, the set 
Pz, = {Zo | ME D} 


is a hyperbolic line passing through the origin if and only if Zo ¢ Go. More pre- 
cisely, the set Pz, is given by the solutions of the equation 


131 + do32 = 0, (4.29) 


with A:= a, + lida = —iZo. 


Proof. Take Z € Pz, and write Z = (ui + ivi)e + (uz + ive)el, then there exists 
f= mj e+ mee! € D such that 


a ie (4.30) 
Indeed, write Zp = Bet B8et = (uf +iv?)e+(u$+iv9)el, then (4.30) is equivalent 
to the pair of independent equations 


mi BY = Bi, m €1 


m2B3 = B2, me €) 


aw 


A 


or, equivalently, 


my (ue + iv?) =u, +ivi1, mm €ER, 


mo(u§ + iv3) = ug +ive2, m2 ER; 


this means that the pairs (u1,v1) and (ug, v2) are solutions, respectively, of the 


equations 
ufu + (—uf)v1 = 0, (4.31) 


0 
1 
ugue + (—u$)ve = 0. 


Hence Z belongs to Pz, if and only if its components satisfy the equations (4.31). 
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Comparing systems (4.31) and (4.28), we see that (4.31) determines a hyper- 
bolic line if and only if it satisfies Corollary 4.2.2. 

On the other hand the set of solutions of (4.31) admits descriptions in hy- 
perbolic and bicomplex terms as in equations (4.26) and (4.27). To see this we 
compute: 


Zo =31 +2 = (ud + iv) )e + (us + ivg)el 
= i(v} + i(—uf))e + i(vp + i(—uQ))el 


= i(vfe + ugel) — (—ufe — ufel) 


=: idy — dg = i(a, + iag) =: iA, 
from where a, = 35 and az = —39. Thus, the set Pz, is the set of solutions of the 
equation 
3231 — 3132 = 0. 
Finally we know that such a set determines a hyperbolic line if and only if 38 and 39 
satisfy the restrictions (1)—(vI) and this is equivalent to saying that Zp ¢ Go. 


4.2.2 More properties of hyperbolic lines 


As it was in the case of complex lines, any hyperbolic line that passes through 
Wo 4 0 and that is parallel to Pz, (i-e., a hyperbolic line with the direction 
determined by Zo) is defined as the set 


Pz, + Wo := {uZo +Wo|ueD}. 


We leave it to the reader to show that any hyperbolic line can be described as 
Pz, + Wo for some bicomplex numbers Zo, Wo. 

We also leave it to the reader to prove the following results, which are anal- 
ogous to those given in the case of complex lines. 


Proposition 4.2.2.1. Given the hyperbolic line Pz, and given U € Pz, such that 
U = p0Zo, with wo ¢ Go (hence U ¢ Go), then Py = Pz,. Reciprocally, if 
Pye = Pz, thenUeé Pz,. 


Another characterization of real two-dimensional planes passing through the 
origin and being a hyperbolic line is given in the following Proposition whose proof 
is left to the reader. 


Proposition 4.2.2.2. A real two-dimensional plane T C BC with 0 € T is a hyper- 
bolic line if and only if U € T implies kU € T. 


Corollary 4.2.2.3. A hyperbolic line P through the origin, regarded as a two- 
dimensional subspace of R* = BC, is generated over R by any Up € P\ Go and by 
kUp, 1.e., it is the real span of Up and kUp. 


Now, in analogy with complex lines, we describe the relation between the 
hyperbolic arguments of the points of a hyperbolic line Pz,. 
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Theorem 4.2.2.4. Consider the hyperbolic line Pz, for a point Zy € BC\ Go. Write 


Zo = |Zolk (c'te “| evel) ; 


with Vz, = v°e + Vel = argy Zo € D the principal hyperbolic argument of Zo. 
Then the set ArgpU of any point U € Pz, \ Go is one of the four sets: 


ArgpU = {(v} + 2mm) e+ (3 + 2nr) e! | m,neé Zh, 


ArgpU = { (vy) + 2mm) e + (vp + (2n + 1)r) el | m,ne€ Zh, 


ArgpU = {(v?) + (2m+ 1)r) e+ (v} + 2nz) ef |m,neZ}, 


or 
ArgpU = {(v? + (2m+ 1)r) e+ (vf + (2n+1)7) el | m,neéeZ}. 


Proof. Since U € Pz, \ Go, then U = wZ for some pp € D \ Go. Since the 
trigonometric form of 4 in hyperbolic terms is 


w= |u\k (te+e!), 


the statement follows from the fact that 


U = pZo = |UZo|k ( ee evel) : 


We are now ready to define the slope of hyperbolic lines; Theorem 4.2.2.4 
ensures that the slope will not depend on the bicomplex number Zp that determines 
its direction. 

We now need to use a result about trigonometric functions of a hyperbolic 
variable, a topic that is studied in detail in Chapter 6. As we will show there, the 
tangent of a hyperbolic number v = v;e + ge! can be given a rigorous definition 
and it turns out that 

tany = tanv,e+ tan vel, 


Definition 4.2.2.5. The slope N of a hyperbolic line Pz, + Wo, is defined by 
N := tan Wz, = tanvye + tan vel, 


where Uz, € Argp(Zo). 


Example 4.2.2.6. (a) The hyperbolic line D is generated by any non zero-divisor 
ae+be! whose hyperbolic argument is Vye4pe: = 0 = 0e+0e!. Therefore the 
slope of D is tan0 = tan0e + tan0e' = 0. Thus, any hyperbolic line D + Wo 
“parallel” to D has the slope zero, and all of them together give the notion 
of hyperbolic horizontality. 
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(b) Each real line L in C(i) is exactly the intersection of a hyperbolic line P and 
C(i) itself, and the slope of the hyperbolic line P coincides with the (usual 
real) slope of L. Indeed, assume that 0 € L, then any z € L is of the form 


z = |z| (cos@ + isin) = |z|, (ee + ele!) ; 
thus, the hyperbolic line P, = P which passes through z has slope 
N =tanée + tanéel = tané. 


(c) Consider the hyperbolic line of the type Pye ,%et OF Pa%e+iet; Since the hy- 


TT Tv 
perbolic arguments are Wigs g%et = n° + v3el and Wovetiet = vie + xe 
then the slopes are not well defined but can be symbolically represented as 


tan Wier a%ei = coe + tan vel, 


tan Wgoe+iet = tan vie+ coel, 


We say in this case that these hyperbolic lines determine the notion of hy- 
perbolic verticality. 


Recalling that a hyperbolic line is a real two-dimensional plane such that 
its projections onto BC, and BC,; are usual real lines, we can give a precise 
geometrical notion of the hyperbolic angle between two hyperbolic lines. Clearly 
it is enough to define the hyperbolic angle between hyperbolic lines that pass 
through the origin. 


Definition 4.2.2.7. Take hyperbolic lines Pz, and Pw,; if argp Zo = vie + v8el 
and argy Wo = ple + pel, then the (trigonometric) hyperbolic angle a between 
Pz, and Pw, is 


1 = argy Zo — argy Wo = (V9 — pW)e + (v8 — net, (4.32) 
and the (geometric) hyperbolic angle between Pz, and Pw, is 


lala := |argp Zo — argp Wolk 
0 0 0 0\ ft 00 0 Olt (4.33) 
= |(¥y — pie t+ (v3 — Hp)e"|k = [4 — pyle + [v2 — palel. 


In analogy with the complex plane, if the angle a is a positive hyperbolic 
number, then we say that the angle between the lines is positively oriented; if the 
angle a is a hyperbolic negative number, then we say that the angle between the 
lines is negatively oriented; if the angle is neither negative nor positive, then no 
orientation is assigned. 

Denoting by Ly, and Lyy, the real lines in BC, that are the projections of 
Pz, and Py, on BC, and by LZ, Liy, the respective projections on BC,+ we 
are not able to say which of Pz, or Py, is the initial or the final hyperbolic line 
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that determines the orientation of the hyperbolic angle. The reason for this is 
that in the projections on BC, and BC,; the roles of Lz, Liy, and L%,, Liy, 
do not coincide in general; just recall that D is not a totally ordered set but a 
partially ordered one. That is why we use not the difference of the arguments but 
its hyperbolic modulus. 


4.3 Hyperbolic and Complex Curves in BC 


4.3.1 Hyperbolic curves 


We have described, quite extensively, the properties of complex and hyperbolic 
lines. Although their properties are rather similar, the hyperbolic lines have, in 
our opinion, some clear advantages from the point of view of geometrical interpre- 
tation and visualization; for example, the (hyperbolic-valued) angle between two 
hyperbolic lines has been defined, and the definition is not only formal but it has 
a precise geometrical description. 

For this reason we will start with the study of hyperbolic curves which will be 
followed by the study of complex ones. Before giving their definition, let us point 
out a motivation why among all two-dimensional surfaces in R* &p BC only very 
particular surfaces will be called hyperbolic curves. First of all, they have to be 
smooth two-dimensional surfaces; then the tangent (real two-dimensional) plane 
has to exist at any point and we will require that it should be a hyperbolic line! 
Since we know that a real two-dimensional plane is a hyperbolic line if and only 
if its projections onto the complex lines BC, and BC,; are usual real lines (see 
Corollary 4.2.2), this is the key idea that we will use in order to define hyperbolic 
curves. 


Definition 4.3.1.1. Let T be a two-dimensional surface with parametrization 


6: 1:= [a,)] x [c,d] C R? > BC; 


we say that T is a hyperbolic curve if the idempotent representation of @ is of the 
form 


b(u,v) = o1(uje + b2(v)el 


with 1 : [a,b] > Ci) and @2 : [c,d] + C(i) being parametrizations of usual curves 
in C(i). 

The reader may note that a hyperbolic curve is a two-dimensional mani- 
fold in R* of the simplest type. Note also that if 7, and y2 are two curves with 


parametrizations ¢, and ¢2, then the hyperbolic curve I can be written as 


= vie + qoel. 
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vie + el 


. 


fi BC, 


BC, 


Figure 4.3.1: A HYPERBOLIC CURVE. 


If additionally y, and yz are two smooth arcs, then I is a smooth two-manifold 
without self-intersections and with boundary 


OV = (di(a)e + ye") U (di (b)e + 72€") 
U (me + 2 (c)e") U (ye + 2(d)e") * 
If 71 and y2 are closed Jordan curves, then the hyperbolic curve [ is a man- 
ifold without boundary. In this case we say that [ is a closed hyperbolic curve. 
As an example, recall the definition of the bicomplex sphere of hyperbolic ra- 
dius vje+v2e! € D*; it implies obviously that such a sphere is a closed hyperbolic 
curve. 
If 71 and 72 are piece-wise smooth curves with parametrizations 
$1 : [a = a4, a2) U (a2, a3) U-++ U (@s_1, as = 6] — C(i) 
and 
2 : [c = C1, C2) U (C2, ¢3) UU (4-1, = d| — Ci), 
then I is called a piece-wise smooth hyperbolic curve. The smoothness is lost on the 
real one-dimensional curves ¢1(a¢)e+7y2e! and y,e+¢2(c,)el with @ € {1,2,...,s} 
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and r € {1,2,...¢}; note that their union is a set of measure zero (as a subset of 
the manifold [). 

Of course, one may define more exotic types of hyperbolic curves eliminating 
other restrictions that we imposed on 7; and y2, but for our purposes the definition 
given above is sufficient. 


4.3.2 Hyperbolic tangent lines to a hyperbolic curve 


We will see now that if [is a smooth hyperbolic curve (with boundary or closed), 
then for each point Z) € T \ OL there exists the hyperbolic tangent line T to . 

Indeed, by definition of hyperbolic curve, I has a parametrization ¢ such 
that any point of T is of the form (see Definition 4.3.1.1): 


[5 Z= d(u,v) = di(uje + da(vet 


with ¢; and ¢2 being parametrizations of smooth curves y, and y2 in C(i). Fix 
a point Zy € T, then Z = ¢1(uo)e + d2(vo)el, with up € [a,b] and vp € [e, d] 
such that ¢{(uo) # 0 and $5(vo) A 0. Hence, there exist the tangent line T; 
to 71 at ¢1(uo) and the tangent line T> to y2 at ¢2(vo), which means that the 
set T := Tye + Toe! is a real two-dimensional plane tangent to T at Zp and by 
Corollary 4.2.2, T is a hyperbolic line. See figure 4.3.2. 

The above reasoning is summarized as 


Theorem 4.3.2.1. Let T be a smooth hyperbolic curve, then for each point Zo which 
is not on the boundary of T the tangent plane T to T at Zp is a hyperbolic line. 


4.3.3 Hyperbolic angle between hyperbolic curves 


Let [ and A be two smooth hyperbolic curves and let Zp) ETN A, Zo ¢ OT UOA; 
let T be the hyperbolic tangent line to [ at Zp and let S' be the hyperbolic tangent 
line to A at Zo. 


Definition 4.3.3.1. The hyperbolic angle between the hyperbolic tangent lines T and 
S at the point Zo is called the hyperbolic angle between the hyperbolic curves T and 
A at Zo- 


Figure 4.3.3 illustrates the hyperbolic angle between the hyperbolic curves [ 
and A that intersect at Z = 68e + B9et. Since [and A are smooth hyperbolic 
curves, they have the projections y; and \; on BCe and the projections 72 and A2g 
on BCe’. Similarly, since T and S are hyperbolic tangent lines, their projections 
on BCe are T; and S$; and their projections on BCel are Ty and S. Thus, the 
hyperbolic angle between the curves I and A is the hyperbolic angle between their 
tangents: 0,e + O2e". 

It is possible to introduce the oriented hyperbolic angle between two hyper- 
bolic curves; since a hyperbolic angle is, in a sense, a pair of planar angles, then 
there are four options for choosing an orientation of the hyperbolic angle. We will 
not elaborate on this here. 
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W =Te+ Sel 


Figure 4.3.2: THE HYPERBOLIC TANGENT LINE TO A HYPERBOLIC CURVE. 


4.3.4 Complex curves 


While working with the notion of (straight) lines, we introduced the three types 
of them: hyperbolic, C(i)-complex and C(j)-complex lines. Since a generalization 
of the first has been given already with hyperbolic curves, then the next step is 
to introduce the definition of (C(i)-) complex curves, and that is what we will 
develop in this section. Analogously, as it was made with hyperbolic curves, the 
definition of a complex curve will be linked with complex lines. 


Definition 4.3.4.1. A smooth complex curve M is a smooth two-dimensional surface 
in R* such that at any point Zo € M the real two-dimensional tangent plane to 
M is a complex line. 


We admit that this definition differs significantly from its hyperbolic coun- 
terpart; in particular, it does not give an intrinsic description of the object and it 
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ct 


r, 
Figure 4.3.3: THE HYPERBOLIC ANGLE BETWEEN HYPERBOLIC CURVES. 


is not easy to provide immediately an example of a complex curve. Thus, let us 
provide a sufficient condition that ensures that M is a complex curve. 


Theorem 4.3.4.2. Let T C R* = C?(i) be a real two-dimensional surface with a 
parametrization p :Q Cc R? —> BC, 


p(u,v) = p1(u,v) + jvo(u, v) = (y1(u, v) + iva(u, v)) + J (Y3(u, v) + iva(u, v)), 
such that w, and wz are holomorphic mappings. Then T is a complex curve. 


Proof. Take Z € IT’, then the real two-dimensional plane T tangent to T at Zp is 
of the form 


Op Op 
T=2Z)4+T, :=Zot+ {52 (za) + ba (Zo) | a,b €E nh 


with a plane T, passing through the origin. Thus, any point W € T can be written 
as 


= O91 dpi Ope Ope 
WwW = Zo + (« Bui (Zo) b Dy (Zo), Bu (Z ) + b By (Zo), 
9 9 9 9 (4.34) 
3 93 a D4 
By (20) +g, Zor 979, M20) + Oa 2) 


Recall (see Section 4.1.3) that T is a complex line if and only if T; is a complex 
line passing through the origin and that TJ) is a complex line if and only if it is 
invariant under the multiplication by i, that is, 7; as a subspace of dimension two 
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in R? is invariant under the action of the operator Mj; of multiplication by i whose 
matrix is 


0 +10 0 
1 00 0 
M; = 
(. 0 Oo 1 
0 O01 0 


Here the identification BC 3 Z = x, + iy, + jro + ky2 <> (21,91, 22, y2) € R* is 
used, under which i € BC is identified with (0,1,0,0) € R*. Hence 


Ly V1 
Y1 XY 
M, = (4.35) 
22 —y2 
Y2 v2 


and iZ = —y, + ix — jy2 + ko, i-e., the vector in (4.35) corresponds to iZ. 
Thus, applying Mj; to a point w, € T) we get: 


6) 6) 0 0 
Myw, = (-a? (Zp) — 6? (Zp), a4 (Zo) + 65 (2), 
Ou Ov Ou Ov 
a a a a a 
Pa Pa £3 3 
ee (Zo) —b av (Zo), Or. (Zo) +0222 (z9)) . 


Since Ww, and we. are holomorphic mappings, then the Cauchy—Riemann equations 
hold: 


0 fe) O 0 
1 (Zo) =? (Zo) Y8 (Zo) = $4 (Zo) 
Ou Ov d Ou Ov 
v1 Z Ov2 Z a O3 Ov Z 
ae 0) seer 7a 0) Dv (Zo) =—3, | 0)s 
implying that M;w, becomes: 
; _ Ovi Ovi Ove Ove 
Mw = («2(a0) = By (29): ay, (40) = By (29) 
Ips 7) _ pes Opa Opa 
a av (Zo) Bui (Zo), ay (Zo) am Fy (20) 


Hence, 7; is invariant under multiplication by i and T is a complex line. Since Zo 
was an arbitrary point of I, then T is a complex curve. 
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4.4 Bicomplex spheres and balls of hyperbolic radius 


We have endowed the BC-module BC with the hyperbolic-valued norm |- |x; thus 
we can apply usefully the geometric language of normed spaces although normed 
spaces with hyperbolic-valued norm have practically no developed theory; such a 
norm was first introduced in [2] which covers all that is actually known about it. 
Given a positive hyperbolic number yo = age + doe", recall that the set 


Sao = {4 € BC | |Z|k = yo } 


defines “the bicomplex sphere of hyperbolic radius yo centered at the origin”; 
similarly, the set 


Bo. = {2 € BC | |Z|x < yo} 


is the (open) “bicomplex ball of hyperbolic radius yo centered at the origin”; it 
is clear what is meant by a sphere S,,.z, and a ball B,,.z, centered at a point 
Zo € BC. 

As a matter of fact, we have considered already a few facts tightly related 
with bicomplex spheres and balls. In Section 1.7 we have considered the equation 
3k = R > 0 in hyperbolic numbers. Such an equation defines a “hyperbolic 
sphere of real radius R centered at the origin” which is the slice of the bicomplex 
sphere Br by the hyperbolic plane D. It was shown that the intersection consists 
of exactly four points (for R > 0), and it is instructive to compare this fact with 
the sphere of radius R > 0 in R: it consists of exactly two points which are the 
intersection of the circumference of the same radius in C with the real axis. 

In the same Section 1.7 we have considered the equation |3|, = tw in hyper- 
bolic numbers, with tw in D*. Thus, there we dealt with a “hyperbolic sphere of 
hyperbolic radius to” and it is the intersection of the bicomplex sphere B,, and 
of the hyperbolic plane D. The structure of this hyperbolic sphere depends on tv: 
if t is a semi-positive hyperbolic number, i.e., to is a positive zero-divisor, then 
the hyperbolic sphere consists of two points which are also zero-divisors although 
one of them is positive and the other is negative; if tv is strictly positive, then the 
hyperbolic sphere consists of four points. 

Finally, in Section 2.6 we have considered the inequality |3|k < tw in hyper- 
bolic numbers with tw in Dt which is, again, about the intersection of By US, 
and the hyperbolic plane D, or, equivalently, about the hyperbolic ball of radius tv 
(that is, the solutions of the inequality |3|, < ~) together with the corresponding 
hyperbolic sphere. It has been shown that this ball coincides with the hyperbolic 
interval [—tv, t]p := {tv € D | —w <3 < tw}, and one may compare again with R 
where a “ball” is an interval which can be obtained by intersecting a “complex 
ball” in C (which is a disk) with the line R. 


Let us come back to the general situation, that is, let us consider the struc- 
tures of arbitrary bicomplex spheres and balls. 

Recall that, when the radius of the sphere is a zero-divisor of the form 
Yo = aoe, then the sphere S,,¢ degenerates to a circumference with center at the 
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ae contained in the complex line BCg. Similarly, if yo = boet, 


v2 


b 
the sphere S;,.+ is the circumference with center at the origin and radius Wot 


origin and radius 


contained in the complex line BC,;. Finally, if yo is not a zero-divisor, recall that 
the sphere S,,e+b et is the surface of a torus: 


Sere 12 = 71 -e+ By-el | |B1| = 0g, 5 (Go| = ba} 


We are now ready to describe what a bicomplex ball is. 


If yo is not a zero-divisor, i.e., a9 £ 0 and bo £ 0, then 


By = {Z = Bie + Bret | |A1| < ao, |B2| < bo}, 


i.e., if we are looking at BC as C?(i) with the idempotent coordinates, then the 
bicomplex ball B,, is the bicomplex form of writing for the usual bidisk centered 
at the origin and with bi-radius (ao, bo). 

If yo is a zero-divisor, then we cannot define the ball in the same way because 
none of the inequalities || < 0 or |62| < 0 has solutions. So we define in this case 
the ball B,, to be one of the two disks: one is located in BC, with center at the 


a 2: 
origin and radius —*_. and the other is located in BC,; with center at the origin 


Je’ 


b 
and radius qe . 


It is worth noting that for a bicomplex ball B,,, with yo not a zero-divisor, 
the respective bicomplex sphere S,, is not its topological boundary but it is its 
distinguished, or Shilov, boundary. 


4.5 Multiplicative groups of bicomplex spheres 


It is known that in the study of Euclidean spaces R”, the cases of n = 2 and 
n = 4 are peculiar for many reasons but in particular because the corresponding 
unitary spheres S! in R? and S? in R4 are multiplicative groups; this is thanks to 
the complex numbers multiplication in R? and the quaternionic multiplication in 
R‘. 

Let us consider some analogues of the above facts related to the bicomplex 
multiplication and bicomplex spheres with a hyperbolic radius: 


S,:= {Z = Bet Boe! | |Z|k =} 
where \ € Dt. The multiplicative property of the hyperbolic modulus 
IZ-Whe = |Z]« |W (4.37) 


will be crucial for the reasoning below. 
Obviously, So = {0}. Consider the bicomplex unitary sphere S,; clearly 
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1) 1eS; 

2) if Z € Sj, then it is invertible and Z~1 € Sj; 
moreover, formula (4.37) says that 

3) if Z, W € Sy, then Z7-W € Sy. 


Thus, the bicomplex unitary sphere S; is a multiplicative group, but this is 
an exceptional case for bicomplex spheres having a non-zero-divisor as its radius, 
and for other non-zero-divisor values of the parameter A the sphere S) is not a 
multiplicative group; the same as in R?. 

Recall what happens when 4 is a positive zero-divisor, i.e., when A = A ,e € 
Dz, with 1 > 0, or when A = Age! € Dt,, with A > 0. If A € Dg, then for the 
points Z = B,e + Boel of Sy, we have that 


|Z|x = |G1|-e + |B2| -eT = Are, 
that is, 
(G1) = A1, |G2| = 0, 
thus, the bicomplex sphere S) is 


S,={7|Z= fie, |G) =A1 > Of, 


and it can be seen as the circumference of radius A; centered at the origin which is 
located in the real two-dimensional plane, spanned by e and ie (which is a complex 
line in BC). 

Take A; = 1 here, then S, becomes 


Se={Z|Z= fie, |Ai|=1}. 


We are now in a situation very similar to that of Section 2.7.1, and we will use a 
similar approach in order to make S, a multiplicative group. The set Se is endowed 
with the multiplication ® which is the restriction of the bicomplex multiplication 
and which acts invariantly on S.; then the element e is the neutral element for ®, 
1 
every element (3 e in Sg is ®-invertible and its ®-inverse is ae E Se. 
1 
Thus, we conclude that (Se, ®) is a multiplicative group which is not a sub- 


group of the multiplicative group (BC \ Go, -). Of course, (Se, ®) is isomorphic to 
the multiplicative group of complex numbers of modulus one. 
Note that if Ay £1, then S),. is not a multiplicative group. In other words, 
among all the spheres S),- with A; > 0, only one, Se, is a multiplicative group. 
The situation with \ = A:e? is similar. 


In what follows we assume that 


AEDT 


anv? 


(4.38) 
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that is, \ is a positive hyperbolic number; recall that Dy, is a multiplicative group. 
For any such A the sphere S), enjoys the property that any Z in S, is invertible 
and 


ZeES) if andonly if Z~'eS)-1. 
Notice also that if Z €S, and W € S,,, then by (4.37) 


IZ-W|k=A-pEeDt 


anv? 


hence 
ZWeE Syp- 


These properties hint that we should consider all the spheres “together” and we 


set: 
Sp = | | S) 


AEDT 


(i.e., Sp is a disjoint union of spheres). The set Sp is a multiplicative group with 
respect to the bicomplex multiplication. 

We discussed already some specific features of bicomplex spheres with real 
radii, so consider the subset of Sp defined by 


Sr = | | Sy. 
AERt 


A sphere S) with A > 0 is characterized by the condition: if Z = 8,e+ Boel € Sy, 
then 


|A1| = |B2) =A =|2| = |Z |x. 


It is easily seen that Sp is a group also, and thus Sp is a subgroup of Sp. Since 
S; C Sp and since S, is a group, then S; is a subgroup of both Sp and Sp. 

The bicomplex spheres generate another set which can be endowed with the 
structure of a multiplicative group. Indeed, introduce 


Sp = {Sabrent 


699 


and define the multiplication “o” of bicomplex spheres by the formula 
S, 0S, = Syp- 
The unitary sphere S; will serve as the identity in Sp (i.e., the multiplicative 


neutral element), and the sphere S,-: is the inverse of the sphere S). 
The subset 


Sp = {Sa} ert 


of Sp is also a group and, thus, a subgroup of the group Sp. 
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Observe that the mapping 
; + c 
p:rAEDI,t Sa € Sp 
is a group isomorphism, and its restriction y|p+ is a group isomorphism as well: 
yet -\ERtTHE>S) € Sp. 


The sets Sp and Sp have proved to be multiplicative groups since the zero-divisors 
were forbidden to be radii of the spheres. Let us return to these exceptions and 
let us consider the sets 


Sep:= |_| Sa; Setp = |] So. 


EDS reds, 
e 


Note that the sets Dt and D+, have become multiplicative groups when a specific 

multiplication was introduced in each of them. This allows us, again, to make Sep 

and Sip multiplicative groups following the pattern of Section 2.7.1. If Z € S) 

and W €S,, ie., A= Are and p = pe, Z = Be with |6,| = A; > 0 and W = ye 

with |y1| = “1 > 0; then Z© W := Bine € Sy pie = Sau Hence, with this new 

multiplication the set Sep becomes a multiplicative group. The same for Sg; p. 
The analogues of Sp are the sets 


Sep = {Sa} yept and Cn = {Sabrent : 


The multiplication © of bicomplex spheres in Sep is defined by the formula 
S) © Sy := Sdap- 


Similarly for Set p- The reader is invited to complete the proofs. 


Most of the material covered in this Chapter is original and does not have 
counterparts in the existing literature. Our detailed study of complex and hyper- 
bolic lines and curves in BC is of great importance, as mentioned at the end of 
Chapter 3, e.g. for applications in the mathematics of Special Relativity, [11]. 

Bicomplex spheres and balls have also been studied in [49, 56] from an Eu- 
clidean point of view, and, from a manifold theory point of view, in [7]. We stress 
once more that our approach to this subject involves the hyperbolic norm |- |x, a 
notion that was first developed in [2]. We strongly believe that a comprehensive 
study of the applications of this norm in the context of Special Relativity is well 
worth pursuing in the future, a realm of study that is beyond the scope of this 
book. 
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Limits and Continuity 


The notion of limit for complex functions is well known and we will not redis- 
cuss it here. Note that the formal proofs of its properties depend strongly on the 
properties of the modulus of a complex number; 


aes for a#0. (5.1) 
|a| 

In particular, the existence of the limit of a function is equivalent to the 
existence of the limits of its real and imaginary parts; moreover, the limit of a 
function exists if and only if the limit of its conjugate function exists. 

Our aim in this chapter is to extend the above to bicomplex functions show- 
ing that there exist many similarities but differences as well. Indeed, instead of 
properties (5.1) for the Euclidean modulus one has their analogs of the form 


lab] =lal-[ol, Ja +d] < lal + lA, F 


|IZ-W\<v2|Z|-|W], |Z+W| < |Z|+|WI, (5.2) 


and it turns out that they allow us to repeat most of the proofs almost literally, 
although one needs to take into account the fact that |Z~1| is not always equal to 


[Z| 
5.1 Bicomplex sequences 
Definition 5.1.1. A sequence of bicomplex numbers {Zn}nen is called convergent 


if there exists Zo € BC such that for any « > 0 there exists N € N such that for 
any n > N there holds: 


Zn — Zo| Car ca 


In this case we say that Zo is the limit of the sequence which we write as 
lim Zp, = Zo, 


n+ co 
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and we say that the sequence {Zn}nen converges to Zo. 


Recalling the different forms of writing the bicomplex numbers (1.3)-(1.9), 
including the idempotent representations (1.24), we have that 


|Z|? = |za|? + [zo]? = Gl? + [dal? 
= |31|? + |gal? = |r|? + |ro2|? 
|e |? + wo? = |wr|? + |we|? 


citypita5+ ys 


(lai|? + |a2|) , 


Nl] re 


1 
: (lax|? + |a2|?) = 


which gives directly that a sequence {Z;,}nen converges to Zo if and only if the 
corresponding coordinate sequences converge to the respective components of Zo. 
For instance, writing Z, = Zin + jzen = dine + d2ne! we conclude that {Zp }nen 
converges to Zp = 219 + jz20 = a19e + ag,e! if and only if {z1,}nen converges to 
z19 and {zan}nen converges to z99, and if and only if {ain}nen converges to aio 
and {d2n}nen converges to dg9. The same happens for the other representations. 

Consider now an arbitrary bicomplex convergent sequence Z, > Zo; if Z, = 
Ane + dg,e', Zo = aype + agge! and assuming that Zp is not a zero-divisor, then 
aio # 0, daq # 0; since ayy, 4 Gyo and ag, — ago and these are complex sequences, 
then there exists no € N such that aj, 4 0 and a2, 4 0 for all n > no. In other 
words starting from n = no our sequence contains only invertible terms. 

For the sum, product and quotient of two bicomplex sequences the usual 
statements hold, and we comment on the cases of the product and of the quotient. 
Let limp+o Zn = Zo and limy_.~. Wn = Wo. For any n € N there holds: 


Zn Wr — Zo- Wal = |WalZn — Zo) + Zo(Wn — Wo)| 
< |Wr(Zn — Zo)| + |Zo(Wn — Wo)| 
2/2 ((Wal Zn = Fal eal = Wal 


where we have used properties (5.2). Take M > 0 such that |Z,| < M and 
|W,,| < M for all n € N. Now given an arbitrary « > 0 there exists N € N 
such that simultaneously 


€ € 
Zn — Zo| < —=— and |W, — Z| < ——, VneQN. 
aC TY; Wa Zolls 5 Tong 
We have just proved that the sequence {Z;,-Wnr}nen converges to Zo - Wo. 
We proceed now to the case of a quotient using here the idempotent rep- 
resentations. Let {Zn}nen and {Wr}nen be convergent sequences of bicomplex 


Z. 
numbers: lim Z, = Zo, lim W, = Wo ¢ Go; then the quotients — are well 
N—- oo n+ co Wr 
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defined for sufficiently large n. We write: 
Zn = Bine + Bane’, Wn =7ine+72ne' , (5.3) 
Zo = Bie + Bove’, Wo = ye + ry20e" =, (5.4) 
then 


Zn Bin \ Ban + 
= e+ e'. 
Wr Yin Y2n 
By hypothesis, the following limits exist: 


lim 6in = 810, lim Sa, = 620, lim yin =10, lim Yan = J20- 


What is more, 719 4 0, y20 4 0, hence the sequences {=} and {2+} 
Yin neNn Y2n neN 
Z 
are well defined and converge to Pro and Bao respectively. Thus, ” is 
10 20 n J neN 


convergent with its limit being 


Pro, 4 B20 ae Bie + Booet _ 4% 
Y10 20 ye + ya0et ~=9Wo 


Recalling the quite “good” properties of the hyperbolic modulus, we are in 
position to introduce another approach to the notion of convergence of bicomplex 
sequences. 


Definition 5.1.2. A sequence {Zn}, cn of bicompler numbers D-converges (syno- 
nymous: hyperbolically converges; converges with respect to the hyperbolic-valued 
norm |-|«) to the bicomplex number Zo if for any strictly positive hyperbolic number 
€ there exists N EN such that for any n> N there holds: 


\Zn — Zolk ~ €. 
Using the idempotent representations 
Zn = Bin e+ Ban: ef; Zo = Bio -e + Bao - et; 
E=€E1 regexel, 
we obtain that, equivalently, 
[Bin — Biol <€1 and = |Boan — Bao| < €2; 


which means that the sequence {Z,},,cnj converges to the bicomplex number Zo 
with respect to the hyperbolic-valued norm if and only if it converges to Zp with 
respect to the Euclidean norm. Notice that even though the two norms cannot be 
compared, as they take values in different rings, one still obtains the same sets of 
convergent and divergent sequences. 

Thus we will usually write “a convergent sequence” without specifying which 
type of convergence is meant. 
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5.2 The Euclidean topology on BC 


Since we have already endowed BC with the Euclidean norm, which is associated 

with the identifications BC = R* = C?(i) = C?(j), we will consider the topological 

space (BC, Teuc) where Teuc is the Euclidean topology on R?: its basis consists of 

all open balls in R*. Since for any bicomplex numbers Z and W there holds: 
IZ+W| <|2Z| + |W); 


IZ-W| < v2|2Z|- |WI, 


then the operations of addition and of multiplication are continuous with respect 
tO Teye, and we can speak about the respective linearity of the topological space 
(BC, Teuc); more exactly, it is a real, a C(i)-complex and a C(j)-complex linear 
topological space, but also a hyperbolic and a bicomplex linear topological module. 

Besides the Euclidean open balls we can consider also open bicomplex balls 
with non-zero-divisor radius: 


{Z||Z|lk <7 with ye DF, }. 


Geometrically, such a ball can be seen as a bidisk in C?, thus all such balls form 
another basis in the topology Texc- 

In Section 5.1 we introduced two formally different types of convergent se- 
quences. Now we realize they are the same convergence with respect to the Eu- 
clidean topology but one of the definitions deals with the Euclidean basis of it 
and the other deals with the bicomplex balls with non-zero-divisor radius. Thus, 
in accordance with the problem we are faced, we will use one or another basis of 
the topology, depending on which one of them is more appropriate. 


5.3 Bicomplex functions 


Given a set 2 C BC, any mapping F’ : Q > BC will be called a bicomplex function 
of the bicomplex variable Z € Q. Since both Z and F(Z) are bicomplex numbers, 
each of them admits any of the representations (see (1.3)—(1.9) and (1.24)), then 
F can be interpreted in different ways: as a mapping from C?(i) to C?(i), from 
C?(j) to C?(j), from C?(i) generated by the idempotent representation to itself, 
etc. All these mappings are different but they all coincide when the bicomplex 
structure is considered. 


We illustrate the above with an example. Consider the bicomplex function 
F(Z) = Z? and several mappings generated by it. To do this we write: 


F(Z) = 2? = (a + jaa)? = (af — 23) + 522122) 
= (11 + 92)? = (7 — 12) + 12n172) 
= (Be + Boel)” = Bie + Bzel 

= (31 + ig2)? = (37 — 35) + i(23132).- 
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This generates the following maps: 


C(i) > (21, 22) OH (2? — 28, 22120) € C?(i); 
C*(j) 3 (11,92) 4 (4 — 927172) € C7 (5); 
> (B1; Ba) + (67, 63) € C?(i); 

> (31,32) + (31 — 35; 23132) € D?. 


Let Zp be a point in the closure of Q. The function F' has the limit A at Zp 
if for any € > 0 there exists 6 > 0 such that the condition |Z — Z| < 6 implies 
that |F(Z) — A| < «. As usual in metric spaces, it is equivalent to say that for 
any sequence {Z,}nen C 2 such that Jim Zn = Zo, the sequence {F'(Zn) nen 


converges to A. We obtain immediately: 


(I) if the limit lim F(Z) exists, it is unique; 
Z7Zo 


(II) if the limit jim F(Z) exists, then the function F' is bounded in a Euclidean 
740 


ball with center in Zp and it is D-bounded in a bicomplex ball with a non- 
zero-divisor radius; 


(III) if jim F(Z) = A ¢ Go, then there exists a ball B with center in Zp such 
+40 
that for all Z ¢ B, F(Z) ¢ Go; 
(IV) if lim F(Z) = A, lim G(Z) = B, then the sum, the product and the 
ZZ Z—Zo 


quotient (if B ¢ Go) have limits at Z and the usual formulas hold. 


A bicomplex function is continuous at a point Zy € 2 C BC, if jim F(Z) 
+20 


exists and 


pus F(Z) = F(Z). 


Then we say that a bicomplex function F' : Q — BC, where 2 C BC, is continuous 
on 2 if and only if F' is continuous at every Zp € 2. 

As in the complex case, it is easy to prove that if two functions are contin- 
uous at a point, then their sum and product are also continuous at that point. 
Moreover, if the second function takes at Zp an invertible value, then the quo- 
tient is continuous at this point also. Furthermore, the composition of continuous 
functions is continuous. 

Bicomplex sequences and notions of convergence, limits and continuity, have 
also been studied in works such as [41, 45, 84]. Applications to dynamical systems, 
e.g. Mandelbrot and Julia sets in the bicomplex setup, have been developed in 
(29, 59, 60, 62, 91, 92, 93, 102]. 
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Chapter 6 


Elementary Bicomplex 
Functions 


Historically, a small collection of real functions was assigned the name of ele- 
mentary functions: polynomials, rational functions, the exponential, trigonometric 
functions; together with their inverses: the n-th root, logarithm, inverse trigono- 
metric functions. Later, for their complex extensions the same name has been 
preserved, although many other functions have emerged which could rightly be 
called elementary as well. 

The aim of this chapter is to show that the structure and the properties of 
bicomplex numbers allow us to further extend to BC all those elementary functions 
in such a way that the extensions keep having amazingly many properties and 
features of their real and complex antecedents. 


6.1 Polynomials of a bicomplex variable 


6.1.1 Complex and real polynomials. 


A complex polynomial is a function of the form 


n 
p(z) = > azz” 
k=0 


where the a, are complex numbers and where z is a complex variable. We assume 
that the leading coefficient a, 4 0 so that the polynomial is said to have degree 
n. In particular, a polynomial of degree zero is, by definition, a non-zero constant. 
When all a, are real numbers, the polynomial p(z) is called a real polynomial of 
one complex variable. Observe that p(z) is a real polynomial of a complex variable 
if and only if 


p(z) = plz) (6.1) 
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for all z € C. From this it follows that, for such a polynomial, if p(a) = 0, then 
p(a) = 0; therefore either a is real or p has the conjugate pair of zeros a and G. 

Rewriting (6.1) as p(Z) = p(z), one concludes that the range p(C) of the real 
polynomial p is symmetric with respect to the real axis. 

One of the most remarkable properties of complex polynomials is captured by 
Gauss’s Fundamental Theorem of Algebra which states that a complex polynomial 
of degree n, n > 0, has exactly n zeros considering the multiplicities. The usual 
proofs of this use methods of analysis or topology (it is not a result which follows 
purely from the algebraic field property of the complex numbers). In particular, 
we have then that if p(z) and q(z) are polynomials of degree not exceeding n and 
if the equation 

pz) = 42) 
is satisfied at n + 1 distinct points, then p = q. 

Notice that real polynomials of a complex variable obey the Fundamental 
Theorem of Algebra, but the situation with real polynomials of a real variable is 
totally different: such a polynomial of degree n > 0 might have any number of zeros 
up to n. We will see what happens, in this sense, with bicomplex polynomials. 


6.1.2 Bicomplex polynomials 


Let 
p(Z) = >> AnZ* 
k=0 


be a bicomplex polynomial of degree n of a bicomplex variable Z. Let us write Z = 
2 +jz2 in its C(i)-idempotent representation: Z = 3,e+ Bye! with B, := 2 —ize 
and 8 := 21 + jz2. We write also the bicomplex coefficients as A, = y,e + opel, 


fork =0,...,n. Then Z* = Be + B¥el and we rewrite our polynomial as 
v(Z) = D2 (bt) e+ Y 7 (5:82) ef =: 6(Bi)e + 4 (Ba)et. 
k=0 k=0 


If we denote the set of distinct roots of @ and w by S; and Sg, and if we 
denote by S the set of distinct roots of the polynomial p, then 


S =Sje+Soel," 


so that the structure of the null-set of a bicomplex polynomial p(Z) of degree n is 
fully described by the following three cases: 


1. If both polynomials ¢ and ~ are of degree at least one, and if S; = {811,..., 
Pix} and Sp = {621,...,62,c}, then the set of distinct roots of p is given by 


S = {Zo2 = Pie + Boze! |s=1,...,k,t=1,...,8}. 
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2. If ¢ is identically zero, then S; = C and S2 = {f21,..., foe}, with 0 <n. 
Hence 
S={Z; =e + Boze! |A EC, BSA, ine) 
Similarly, if ¢ is identically zero, then Sp = C and S; = {f14,..., 81x}, 
where k <n. Then 


S={Z, =fiset+rAx*1 |A EC, s=1,...,k}. 


3. If all the coefficients A, with the exception of Ag = yoe + dpe! are complex 
multiples of e (respectively of e'), but 59 4 0 (respectively yo 4 0), then p 
has no roots. 


We now discuss a few examples, to give a flavor for computations in BC. 


Example 6.1.2.1. First, consider the polynomial 


p(Z) = (5 +15) 2° 4.(=( 441) 6 2j—a))\ 2" 


((—11 + 6i) — j (12 + 11i)) Z° 
(5 + 13i) +j (-13 + 3) Ve 
u(r !))z 
($ +i) bj (1 1) . 
2 2 
The corresponding C(i)-complex polynomials are: 


$(B1) = B? — (3 + 8i)64 + 2(-11 + 91) G3 + 2(19 + 131) 8? 
(1S 341)6) = Ci 2i), 
*p(B2) = B3 — 6iB3 — 963. 


Their distinct roots are S; = {i, 1+ 2i} and Sj = {0, 3i}. Then p has the following 
four roots: 


say ty gy LE roti Let +i 
= 1 1+J, t Fi t : 
Gg ge Gg TI gy 7 ‘39 


Example 6.1.2.2. Consider the polynomial 
p(Z) = (1+ ji) Z? — (iJ). 
The associated complex polynomials are: 


o(B1) = 2(87 — 3), (62) = 0. 
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The null set of p is 


s={s (P42) enaetiacct, 


2 


Example 6.1.2.3. Slightly adjusting the previous example, i.e., taking (82) = 2 
we get the polynomial 


pZ)=(14+)077+0-HD4+j0-fH, 


which has no roots. 


It is also important to note that a bicomplex polynomial may not have a 
unique factorization into linear polynomials. For example, the polynomial p(Z) = 
Z> — 1 has 9 zeroes. Indeed, the associated complex polynomials are 


o(61)=B?-1, o(B2) = 83-1. 


The set of zeros of ¢ and w are, respectively: 


1 .v3 i a3 
ei {1 = 1, B12 = ay gt Ai3 = “5 -f | 


= {1 = 1, 62.2 = ee <— P23 = ae eh 


2 2 2 


Then the set of zeroes of p is 
S = {Zt = Pine + Boye’ | k,€=1...3}, 


and we have at least two distinct factorizations: 


P= 1La(Z n(z. ; 1) @ p+) 


yee ea 6 n(z. : if) @ 558). 


and 


2 2 


It is therefore clear from what we have indicated that bicomplex polynomials 
do not satisfy the Fundamental Theorem of Algebra in its original form. At the 
same time, the following results are true and summarize the comments above. 


Theorem 6.1.2.4 (Analogue of the Fundamental Theorem of Algebra for bicom- 


plex polynomials). Consider a bicomplex polynomial p(Z aS A,Z*. If all the 
k=0 

coefficients A, with the exception of the free term Ap = yoe + doe! are complex 

multiples of e (respectively of e'), but 59 #0 (respectively yo 40), then p has no 

roots. In all other cases, p has at least one root. 
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Corollary 6.1.2.5. Assume that a bicomplex polynomial p of degree n > 1 has at 
least one root. Then: 


1. If at least one of the coefficients Ay, fork = 1,...,n, is invertible, then p 
has at most n? distinct roots. 


2. If all coefficients are complex multiples of e (respectively e'), then p has 
infinitely many roots. 


Note that zeros of bicomplex polynomials were originally investigated in [56] 
and [55]. 
Formula (6.1) has several analogues in the actual context. Let all the coeffi- 


cients of the polynomial p(Z) = » A,Z* be real numbers, then 
k=0 


p(Z) = p(Z) = pl(Z") = p*(Z*) (6.2) 


for all Z € BC. This implies that if p(Zo) = 0, then p(Zo) = 0, p(Z)) = 0, 
p(Zj) = 0; now if Z € R in this case Zp does not have “associated” roots of p. If 
Zo is not real, then the following situations arise: 


e Z € C(i) \R, then Zp 4 Zp is also a root of p. 
e Z € C(j) \R, then Zi} # Zo is also a root of p. 
e Z, €D\R, then Z) = Zh # Zp is also a root of p. 


e Zo does not belong to any of the above three sets, hence the polynomial p 
has together with Zp all the three conjugates Zo, yan Z6 as its roots. 


Equations (6.2) can be written as 


p(Z)=p(Z); p(Z!)=p(Z)'; p(Z*) = p(Z)* 


meaning that the range p(BC) of the polynomial p with real coefficients possesses 
all the three symmetries generated by the three conjugations. 


n 
Assume now that the coefficients of the polynomial p(Z) = S- A,Z* are in 


k=0 
C(i), then 


p(Z) = p(Z")! (6.3) 


for all Z in BC. This implies that if Zp is a root of p, p(Zo) = 0, then p(Zi) = 0; if 
Zo is a C(i)-complex number, then Zp does not have “associated” roots of p. But 
if Zo is not in C(i), then Z} is also a root of p. Of course, since (6.3) is equivalent 
to p(Z') = p(Z)', one may conclude that the range p(BC) of such a polynomial 
has the symmetry determined by the +-conjugation. 
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As the next step, we assume that the coefficients of the polynomial p are in 
C(j), then 


p(Z) = p(Z) (6.4) 


for all Z in BC. This implies that if Zp is a root of p, p(Zo) = 0, then p(Zo) = 0; 
again if Zp is a C(j)-complex number, then Zp does not have “associated” roots 
of p. But if Z is not in C(j), then Zp is also a root of p. Of course, since (6.4) 
is equivalent to p(Z) = p(Z), one may conclude that the range p(BC) of such a 
polynomial has the symmetry determined by the bar-conjugation. 

Finally, we consider the case of hyperbolic coefficients of the polynomial p. 


Here 


p(Z) = p(Z*)" (6.5) 


for all Z in BC. This implies that if Zp is a root of p, p(Zo) = 0, then p(ZG) = 0; if 
Zo is a hyperbolic number, then Zp does not have “associated” roots of p. But if 
Zo is not in D, then Z5 4 Zp is also a root of p. Of course, since (6.5) is equivalent 
to p(Z)* = p(Z*), one may conclude that the range p(BC) of such a polynomial 
has the symmetry determined by the *-conjugation. 


Definition 6.1.2.6. We will use the name bicomplex rational functions for functions 


of the form 
(Z 


UZ 


with two bicomplex polynomials p and q. 


WN 


ss) 


— 


Such a function is well-defined for those values of Z for which the polynomial 
q(Z) = BmZ™ + Bm_1Z™-14+--»+ B,Z + Bo takes values in BCiny := BC \ Go. 
If both polynomials are of degree one: p(Z) = AiZ+ Ap, g(Z) = Bi Z+ Bo, then 
we have a fractional linear transformation. If the coefficients A; and B, are both 
invertible, then the fractional linear transform takes the form 


Cy t+ 


2 
Z+C3 
with bicomplex C,, C2, C3. 


6.2 Exponential functions 


6.2.1. The real and complex exponential functions 


As Ahlfors writes in [1], if one approaches calculus exclusively from the point of 
view of real numbers, there is no reason to expect any relationship between the 
exponential function e” and the trigonometric functions cosxz and sina. Indeed, 
these functions seem to be derived from completely different sources and with 
different purposes in mind. The reader will notice, no doubt, a similarity between 
the Taylor expansions of these functions, and if willing to use imaginary arguments, 
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the reader will be able to derive Euler’s formula ei” = cosx +isina as a formal 
identity. 


The exponential function can be derived in many different ways. If one recalls 
n 


that the Euler’s number e arises as the limit of the sequence (1 +—)} , then one 
nr 


i n 

is tempted to consider, for any real number x, the sequence (1 + =) and its limit 
n 

which brings us to the definition of the real exponential function as 


exp(x) =e” := lim (1 a =\" . (6.6) 
n—->co nm 

This approach has the advantage of using minimal mathematical tools; as a 
matter of fact, only the properties of sequences and of their limits are necessary, 
meanwhile the definitions as the sum of a convergent power series or as a solution 
of a differential equation require much more elaborated techniques. 

Defined by (6.6), the real exponential function preserves all the expected 
properties; for example, if x € N, then e* = e-e---e. It has the property 

—- 


x times 
re as Bes (6.7) 


thus, it is a homomorphism of the additive group of real numbers into the multi- 
plicative group R \ {0}. Since the real exponential function is monotone, then it 
realizes an isomorphism of these groups. 

It turns out that definition (6.6) extends to the complex numbers in the sense 
that for any z € C 


exp(z) =e* := lim (1 + =)" (6.8) 


noo 


This implies the famous Euler formula 
e* =e" (cosy +isiny) 
which says, in particular that |e*| = e* and Arge* = {y+2mk | k eZ}. The 


analogue of (6.7) is 


Thus the complex exponential function is a homomorphism (but not an isomor- 
phism) of the additive group of complex numbers into the multiplicative group 


C\ {0}. 
6.2.2 The bicomplex exponential function 


In this section, we introduce the exponential function of a bicomplex variable 
extending directly the ideas of the previous section. 
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Theorem 6.2.2.1. Let Z be any bicompler number. Then the sequence 


VA n 
Lpi= (1+ = 
n 


is convergent, and if Z is written as Z = z1 + jz2, then the limit is 
e* (cos(z2) +jsin(z2)). 


Proof. The computation below proves that the sequence is convergent. Set as 
before Z = B,e + Boel. Then 


(+2) - (1+ Be+ Bet) - (c rel 4 Fey Bel) 
Tr n mr nm n 


(+B) Bo) (8) (Bye 


Relying on the fact that the corresponding sequences of complex numbers 


n n 
(1 + =) and (1 + =) are convergent to the complex exponentials e*! and 
n n 


e°2, respectively, we get that the limit of the right-hand side exists. What is more, 


Z\" _ a Ba\" ot — ebie + cbtet 
lim {1+ — lim 1+—)]) e+(1+—) e') =e"e+ec”e 
noo n noo n nr 


1 i 
ae + e®) Hse — e®) 


I 


1 : ; i 
= se af ers) + j-(e _ e71 tiz2) (6.9) 
=e”! Legis + e22) + file” _ ei) 
2 2 


= e*! (cos(z2) + jsin(z2)). 


This concludes our proof. 


Clearly, the theorem justifies the following definition. 


Definition 6.2.2.2. We set 


WA n 
e4 := lim (1+ ) . 
noo n 


Hence, if Z is written as Z = z1+jz2, then we obtain the bicomplex Euler formula: 


e” = e* (cos(z2) + jsin(z2)) . 
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The reader may rewrite e* in many other forms of writing of bicomplex 
numbers. For instance, if Z = ¢, + i¢2 with ¢ and ¢2 in C(j), then 


e” = eS! (cos(C2) + isin(¢2)) , 


which exemplifies once more the peculiarity of the different writings of bicomplex 
numbers. 


We pass now to the properties of this newly introduced bicomplex exponential 
function. 


e First we note that the bicomplex exponential is an extension to BC of the 
complex exponential function: indeed, for Z = z, + j0 € C, we have that 


e” = e*(cos(0) + jsin(0)) = e”, 


which is the usual complex exponential function. 


In the same way, the restriction of e* onto C(j) coincides, obviously, with 
the C(j)-complex exponential function. 


The situation with the restriction onto D is more subtle; if Z = a + bk with 
reals a and b, then 


e% = et thk — et HO — 9 (cos(bi) + jsin(bi)) 
= e" (cosh(b) + jisinh(b)) = e* (cosh(b) + ksinh(d)) , 
where cosh and sinh are the classical hyperbolic cosine and sine functions, 


thus arriving at the definition of the hyperbolic (in the sense of hyperbolic 
numbers) exponential function. 


e Note that e* is the complex modulus of the bicomplex number e% and 22 is 
the complex argument of the same bicomplex number e%. The reader may 
find it instructive to compare this fact with what happens in the complex 
case. 


e For Z = 0 = 0e + Oe’, we have: e® = le+ let = 1. 
e For any bicomplex number Z, the exponential e” is invertible. This is because 
oF = eh ltag 4 pritizngi 
and the exponential terms e*!~!*2 and e*!*##2 are complex exponential func- 
tions, so they are never zero. The inverse of e7 is 
eW% = e (e+ el tiz2) et — e—* (cos(z2) — jsin(z2)). 


Thus, the range of the bicomplex exponential function does not contain either 
the zero or any zero-divisors. 
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e Fore=1-e+0-el, ande’ =0-e+1-el, we have: 


Similarly: 


Notice that both numbers, e® and ec, are hyperbolic numbers. This is be- 
cause so are the idempotents e and e! and because the restriction of the 
bicomplex exponential is the hyperbolic exponential. 


e Due to the commutativity of the multiplication in BC, we can show that for 
any Z, and Z2 in BC, the following formula holds: 


e471 e472 = @41t 42, (6.10) 
Indeed, writing 7, = 2141 + jz1g and Z = 221 + jzo2 we have: 


e71e72 = (e* (cos(z12) +jsin(z12))) (e722 (cos(z22) + j sin(z22))) 


= e*!1¢@7?1 ((cos(z12) cos( 222) = sin(212) sin(z22)) 


+j(sin(z12) cos(zg2) + sin(z22) cos(z12))) 
= evi tat (cos(Z12 + 222) + jsin(z12 + 292)) = e41t 42 - 
This equality means that the exponential function is a homomorphism from 
the additive group of bicomplex numbers into the multiplicative group BCjn,y 
of invertible bicomplex numbers. 


e In the case Z = 0+ jzo, we have: 


e4 = J = cos(zz) + jsin(z2). 


e The complex formula e'* + 1 = 0 remains valid for bicomplex numbers, but 
it is complemented with its mirror image eJ7 + 1 = 0. 


e For any Z = 8,e + Boel € BC and any invertible bicomplex number W = 
ye + yet, ie., y17¥2 4 0, the equation e” = W is equivalent to the system 
et = 7, and e®2 = yp. Because 772 4 0, it follows that there is always a 
solution. Of course, this is the first step to talk about the bicomplex logarithm 
which will be commented on below. 
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e Recalling that the complex exponential function and the complex trigono- 
metric functions are periodic, we obtain that 


e” = e”! (cos(z2) + jsin(z2)) 


= e1 F271M (cos(zo + 2nn) + jsin(ze + 2an)) 
= eZ +2n(mitnj) 


for integer numbers m and n. Thus the bicomplex exponential function is 
periodic with bicomplex periods 27(mi + nj). One can prove that these are 
the only periods. 


6.3 Trigonometric and hyperbolic functions of a 
bicomplex variable 


6.3.1 Complex Trigonometric Functions 


The complex trigonometric functions cos(z) and sin(z) are defined in terms of the 
complex exponential as 
elz Ze ei el? = el 
cos(z) := t———., _ sin(z) := t—~—_. 6.11 
(2) = 4 (2) = (6.11) 
The hyperbolic functions of a complex variable, cosh(z) and sinh(z) are de- 
fined in terms of the complex exponential as follows: 
eee * e* —e* 
cosh(z) := t———.,,  sinh(z) := -t———— 
Qa (= 
All four of them are extensions of the respective functions of a real variable. 
The inverse of the complex cosine function is obtained by solving the equation 


(6.12) 


ei 4 ei? 
cos(z) = ——— 


This is a quadratic equation in e!* with roots 


e* =wt w2 — 1. 


Because of the periodicity of the complex exponential this equation, with 
unknown z, has a countable family of solutions and the formulas 


arccos(w) := z = —ilog(w + Vw? — 1) = tilog(w + Vw? — 1) (6.13) 


show how to treat precisely the arccosine function of a complex variable. In a 
similar fashion, the other inverse functions are dealt with. 

We will now follow the same process to define bicomplex trigonometric func- 
tions. 
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6.3.2 Bicomplex Trigonometric Functions 


Adding and subtracting the formulas e)*2 = cos(z2)+jsin(z2) and e~3*2 = cos(z2)— 
jsin(z2), for any z2 € C(i), we express the complex cosine and sine via the bicom- 
plex exponential: 


el2 + eI 
COS Z2 = —_ 
eJ?2 — e—J22 
sin z2 = ——_.—__ 
2j 


Thus we are in a position to introduce the bicomplex sine and cosine functions 
which are direct extensions of their complex antecedents. 


Definition 6.3.2.1. Let Z © BC. We define the bicomplex cosine and sine functions 
of a bicomplex variable as follows: 


ejZ + eSZ eiZ +e iZ 


cos Z := = ; 
A ‘ 6.14 
eiZ _ e-iZ eiZ _ -iZ (6.14) 
sin Z := : = : 
2j 2i 
Both are well defined since a direct computation gives that, indeed, 
af ag? gue a2 _e-iZ i _ p-i2 
= and ; = : 
2 2 2j 2i 
ekZ 4 e-kZ 
Note that ——————__ does not give the same cos Z but it gives the hy- 


perbolic cosine of a bicomplex number. See Section 6.3.3 below. 

Given Z = 2, + jz = Bie + Boel € BC, the properties of the bicomplex 
exponential bring us immediately to the idempotent representation of cos Z and 
sin Z: 


cos Z = cos(}1)e + cos(B2)et , 
sin Z = sin(3,)e + sin(B)e'. (6.15) 


In terms of the components of the cartesian representation, one gets: 
cos Z = cos(z — izg)e + cos(z1 + ize)el. 
Since for a complex variable z the following formulas hold: 
cosh(z) = cos(iz), sinh(z) = —isin(iz), 
we obtain that 


cos Z = cosh(z2) cos(z,) — jsinh(z2) sin(z1). 
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One may write Z in different forms to observe how the above formulas change. 
We continue with a description of some basic properties of the bicomplex 


trigonometric functions. 


Since the complex sine and cosine functions are periodic with principal period 
27, then taking Z = 31e+ Goel and setting Z,,¢ = (61+ 2km)et+ (b2+2lr)el 
for arbitrary integers k, 0 we have: 


cos(Zz,¢) = cos(Z), sin(Z,,¢) = sin(Z). 


Thus the real number (27)e + (27)eT = 27 remains the principal period of 
both bicomplex sine and cosine functions. 


From (6.15), the equation cos Z = 0 is equivalent to the equations in complex 
variables 6; and (a: 


cos(61) = 0, cos(82) = 0. 


The solutions are 8; = 5 + km, and By = 5 + lm, for k,€ € Z. Note that 6; 


and {2 are never zero, so the bicomplex solutions Z to cos Z = 0 are always 
hyperbolic invertible numbers. In the {1,j} basis, we get the general solution 
to cos Z = 0 as 


Z=atjeo=(1+k+04+ji(k— 2) (6.16) 


ill 
9? 
a set of hyperbolic numbers. 
Similarly, the equation sin Z = 0 is equivalent to 

sin(31) = 0, sin(G2) = 0. 
The solutions are 6; = ka, and 6g = éz, for k,l € Z. Note that there are 


non-invertible solutions for sin Z = 0, e.g., for 8; = 0, ie., k = 0, and 82 £0. 
In the {1,j} basis, we get the general solution for sin Z = 0 as 


Za a thea = (kK +04 ji(k-9) 5, 


again a set of hyperbolic numbers. 


Formulas (6.15) guarantee that the usual trigonometric identities are true, 
e.g., the sums and differences of angle formulas, the double angle identities, 
etc. For example: 


sin? Z + cos” Z = (sin?(31) + cos”(1))e + (sin?(82) + cos?(82))et = 1. 
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e Taking the argument equal to the idempotents e and e! gives again funny 
formulas. Indeed, if Z = e, i.e., 6; = 1 and 62 = 0, then 


cose = cos(1)e +e! = (SY + *) j co — *) , 


sine = sin(1)e = sn) j (=) 


Similarly, if Z = el, ie., 8; = 0 and By = 1, then 


I)+1 1)-1 


sinet = sin(1)e! = in) tj (=2) 


Notice that all four are hyperbolic numbers. 


As in the complex case, the other bicomplex trigonometric functions are 
defined in terms of the bicomplex sine and cosine functions. For example, the 
tangent function is the following. 


Definition 6.3.2.2. Let Z be in BC. We define the bicomplex tangent function of 
a bicomplex variable: 


(6.17) 


whenever cos Z is invertible, i.e., both complex numbers 8, and 82 are not equal 
T 
to 3 plus integer multiples of 7. 


A direct computation yields: 


e€ 


as = = t 
tan Z = Nz 4 eZ = tan(1)e + tan(G2)e : 


In a similar fashion we have 


Definition 6.3.2.3. Let Z be in BC. We define the bicomplex cotangent function 
of a bicomplex variable: 


cos Z 
cot Z := 


snZ (6.18) 


whenever sin Z is invertible, i.e., both complex numbers 8, and Py are not integer 
multiples of 7. 


A direct computation yields: 


4 + e SZ 
cot Z = rT = cot(31)e + cot(2)er. 
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We have described the fundamentals of the theory of trigonometric bicomplex 
functions. Of course, now the theory can be continued in many directions. 

We mention now a curious fact. The real tangent function takes any real 
value. It is easy to show that the complex tangent does not contain +i in its 
range. For the bicomplex tangent the excluded values are {-+i, +j}. 


6.3.3 Hyperbolic functions of a bicomplex variable 


We want to extend directly the notion of a hyperbolic function of a complex 
variable onto a bicomplex variable. A direct way is clear. 


Definition 6.3.3.1. Let Z in BC. Then we define the bicomplex hyperbolic sine and 
cosine functions as 


Z —Z kZ —kZ 
e“~ +e e-~ +e 
cosh Z : 


(6.19) 


inh Z := = 
sin ; ok 


Again, both are well defined since a direct computation gives now that 


eZ + e-2 ekZ 4 o-kZ eZ — eZ ekZ _ e-kZ 
= and = 
2 2 2 2k 


As above, in the idempotent representation Z = 6,e + Bye! we get that 
cosh Z = cosh(6,)e + cosh(62)et, 
sinh Z = sinh(6;)e + sinh(2)e". (6.20) 


As in the previous section, these formulas would yield the usual properties analo- 
gous to hyperbolic complex functions. For example, 


cosh? Z — sinh” Z = (cosh”(8,) — sinh?(8,)) e + (cosh?(@2) — sinh?(6)) ef = 1. 
The addition formulas are: 


cosh(Z, + Z) = cosh Z; cosh Z2 + sinh Z, sinh Z% , 
sinh(Z, + Z2) = sinh Z; cosh Zz + cosh Z, sinh Z9. 


Moreover, for Z = jz2, we have: 
cosh(jz2) = cos(z2), sinh(jz2) = jsin(z2). 
Then for Z = z1 + jz2 we have: 
sinh Z = sinh(z; + jz2) = sinh(z) cos(z2) + j cosh(z1) sin(z2). 


A similar formula holds for cosh Z. 
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6.4 Bicomplex radicals 


In this and the next section we begin the study of inverse functions in BC. We 
start by looking at the equation Z” = W, where the bicomplex numbers Z and 
W are written as Z = 21 + jze = Bie + Boel, and W = w, +jwe = net el. 
This equation is equivalent to the following two complex equations in variables 1 
and £2: 


BY =; By = 72- 


If W is invertible, i.e., yiy2 4 0, then each complex equation has n distinct 
complex solutions, and the equations are independent of each other. Denote these 
solutions by y1.4 € %/71 and y2,¢ € %/72, respectively, where the symbol 77/71 
denotes the set of all solutions of the corresponding equation; the same for ~/7. 
Therefore the bicomplex equation Z” = W has n? solutions given by the bicomplex 
numbers 

+ Wart 726 , 27267 Vk 


Zh — ie — 
ke = V1, E+ Y2,0e 5 + 7 


for all k,@ = 1...n. We define the n-th root of W to be the set of all of these 
solutions, VW := {Zxe}. 

Note that if we start with formula (3.5) for the bicomplex number W = 
wy + jwe, ie., 


W = |W\|;(cos@ + jsin@) 


where |W|; = \/w7 + w3 is the complex modulus of W, and @ is the complex 
argument of W, then the solutions Z,¢ of the equation Z” = W have complex 


0 + 2br 
moduli ~/|W|;, which is a set of n complex numbers, and arguments , for 
n 
é€=1,...,n. In conclusion, we find again that there are n? bicomplex n— th roots, 


and more precisely 


- O+2lr , . 04+2lr 
VW ={V/ |W; (cos . +jsin - ): €€ {0,1,...,n—1}}. 

If W = y,e+72e! is a zero-divisor, then exactly one of the complex numbers 
7 Or Yq is zero, so the bicomplex equation Z” = W has exactly n solutions, all of 
them zero divisors. Obviously if W = 0 there is only one solution, Z = 0, to the 
equation Z” = 0. 


6.5 The bicomplex logarithm 


6.5.1 The real and complex logarithmic functions. 


Since the real exponential function is monotone, then the real logarithmic function 
being its inverse does not cause much problem. The situation with its complex 
extension is much more sophisticated. The complex logarithm, that is, the notion 
of the logarithm of a complex number, is introduced from the study of the equation 
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e* = w. Because the periodicity of the complex exponential function, this equation 
has, for w 4 0, a countable family of solutions of the form 


In |w| + i(arg w + 27m) 


where In|w| is the real logarithm of the positive number |w|, m is any integer. 
Hence, for any non-zero complex number there are infinitely many complex num- 
bers which can be equally called its logarithm. 

We will use the following notations and names: 


In(w) = Inw := In|w| + iargw 
is called the principal value of the logarithm of w; 
In,n»(w) = In, w := In|w| + i(argw + 27m), 
for a fixed m € Z, is called the m-th branch of logarithm of w; 
Ln (w) := {Inn w | me Z} 


is called the complex logarithm of w. So, Lnw is a set and, thus, it does not 
generate a univalued function but rather a multivalued function, which explains 
the name for In,, w: for each m it determines a function, which can be called a 
logarithmic function. 

Note an important property of logarithm: 


Ln (wy w2) = Ln (wi) + Ln (wa), (6.21) 


where the plus in the right-hand side among the two sets means that the resulting 
set is obtained by adding all the elements of the first item and all the elements of 
the second item. Observe that the various branches of the logarithmic function do 
not possess this property. 


6.5.2 The logarithm of a bicomplex number 


In this section we define the notion of the logarithm of a bicomplex number. Take a 
bicomplex number Z written as Z = z1 +jz2, and an invertible bicomplex number 
W =w,+jw2. We study the solutions to the bicomplex equation e* = W. Recall 
that 

W = |W|;(cos@ + jsin@), 


where |W; is the complex modulus and @ is the complex argument of W: |W]; := 
\/w? + ws, 0 € Arg;W. From the equation 


e* (cos z2 + jsin z2) = |W]; - (cos(Arg,W) + jsin(Arg,;W)) 


it follows that 
zy € Ln |W, 
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the complex logarithm of the complex number |W]|;, and that 
zo © Arg,W = {arg,W + 2am |meZ}. 


In analogy with the pattern of complex logarithms we introduce the following 
definitions for an invertible bicomplex number W: the number 


In(W) = InW := In||W|;| + iarg|W|; + jargsW 
is called the principal value of the (bicomplex) logarithm of W; then the number 
Inmn(W) := In,,|W]|; + j (arg;(W) + 27n) , 


with two arbitrary integers m and n, is called the (m,n)-th branch of the bicomplex 
logarithm; and finally the set 


Ln(W) := {Inmn(W)|m, ne Z} 


is called the bicomplex logarithm of W. Again, Ln(W) is a set, not a (univalued) 
function. 
If the idempotent representation W = 7,e + ye! is used, then it turns out 
that 
Ln(W) = Ln(7,)e + Ln(y2)et. 


This is because if Z = 8,e + Sye!, then the equation e* = W is equivalent to the 


two complex equations 


eft =, eP2 = 


which have as solutions the complex logarithms Ln(y,) and Ln(y2) respectively; 
i dice oi - i 
Ln(W) = SLn(y172) + sjiln— = La/7172 + jiln, /— 
2 2 np) "yo 
= Ln|W]i + j Arg;(W), 


6=iln,/=, (6.22) 
Y2 


We state below some properties of the bicomplex logarithm. 


where we used the fact that 


e The bicomplex logarithm is not defined for zero-divisors, as the bicomplex 
exponential W = e% is always invertible. 


e If Z = z1 + jz is an invertible bicomplex number and if m,n € Z, then 
eltm,n(Z) _ clam |Z|itjarg,(Z)+2n7j _ clnm IZ|i ed arg;(Z) 


= |Z]i(cos(arg;(Z)) + jsin(arg;(Z))) = 2. 
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e For Z=1=1+ 0, we have: 
nmr (1) = 0+ 2mmi + 2n7j 


for all m,n € Z. 


e For Z, and Z2 two invertible bicomplex numbers, the following formula holds: 


Ln(ZZ2) = Ln(Z,) + Ln(Z2). (6.23) 


6.6 On bicomplex inverse trigonometric functions 


The inverses of the bicomplex trigonometric functions are defined in complete 
analogy with the complex case, as we have already properly defined the notions 
of bicomplex exponential, logarithm, and square root. 
For example, the inverse of the bicomplex cosine function is obtained by 
solving the equation . 
i ee 
cos(Z) = a =W. 


This is a quadratic equation in e4% with roots 


a =W+/wW2-1. 


Therefore, the set Arccos(W) should be defined as 


Arccos(W) := {-j nmin (w + J/W2-1 ) | m, ne zh 
eee | ft (w+ /w2-1) |m,neZh. 


It is clear how to introduce the principal value, the (m,n)-th branch, etc., as 
well as how to deal with other inverse functions. We leave this to the interested 
reader, who is recommended also to consider what happens if we solve the equation 


6.7 The exponential representations of bicomplex 
numbers 


We will show here that the trigonometric representations of bicomplex numbers 
can be written with the help of the bicomplex exponential function. Indeed, recall 
that an invertible bicomplex number Z has a C(i)-trigonometric representation 
and a C(j)-one: 

Z = |Z|; (cos 0 + jsin @) 
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where @ is a C(i)-argument of Z, i-e., any element in Argey)(Z), see (3.7); and 
Z =|Z\j (cosy + isin wy) 
where 7 is a C(j)-argument of Z, ie., any element in Arge,;)(Z), see (3.13). But 
cos 6 + jsin@ = e4? and cosy +isiny = e'”, 


hence 

Z=|Z|,- e%? = |Z]; - 5 M8ew.m(4) (6.24) 
and ; ; 

Z = |Z|;-e = |Z]; - ef Med. (6.25) 


for any integers m and n. We will refer, sometimes, to (6.24) and (6.25) as the 
(complex) exponential representations of Z. Note also that the properties of the 
exponential function imply that 


Zi= \Z|s- e Jf 


and 
Z=|Z\;- a. 


The trigonometric representation of a bicomplex number in hyperbolic terms 
is allowed both for invertible numbers and for zero-divisors. Beginning with an 
invertible Z we should recall that 


Z =|Z\x (cos Vz + isin Vz) = |Z|x (el -e + el”? - ef) 


with Vz = vye+ mel € ae being any element in ArgpZ, i.e., a hyperbolic 
argument of Z. Appealing again to the properties of the exponential function we 


see that 


cos Wz +isinWz =e! -e+ ce et = YZ = ci M8m nv) 
for any integers m and n. Thus, the equality 
Z=|Z|y- ek MEmnol4) (6.26) 


is the exponential representation of an invertible bicomplex number in hyperbolic 
terms. 

If Z is a zero-divisor, then Z = |Z|, - ee or Z = |Z|, - ee! with real 
numbers 1, and v2; the corresponding hyperbolic arguments are argp(Z) = je 
and argp(Z) = vel respectively. But e!”© is equal to e!”1e + e!, not to ei”e, 
hence the analogue of the exponential representation in hyperbolic terms for this 
case is 

Z=1Zh. (clsrtn of) = e') (6.27) 
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Similarly we get for Z = |Z|, - et”e! 
Z=\Zhy (clare 02) _ e) (6.28) 


So although the formulas (6.27)—(6.28) have a different structure than (6.24), 
(6.25) and (6.26), we believe that the name “exponential representation” is appli- 
cable also. 


Our study mimics the approach done in usual complex analysis (e.g. [1]) 
and develops the most important properties of the elementary functions in the 
bicomplex setup. These are basically the main functions of the bicomplex analysis, 
on which we “test” the notions of derivability, differentiability, holomorphy, and 
integration in the following Chapters. 

Aspects of the theory of bicomplex elementary functions have been also stud- 
ied in [45, 55, 57, 99]. 
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Chapter 7 


Bicomplex Derivability and 
Differentiability 


7.1 Different kinds of partial derivatives 


In this chapter we will study bicomplex-valued functions of a bicomplex varia- 
ble, and we will examine the notions of derivability and of holomorphy for such 
functions (see [46]). We will consider BC as a topological space endowed with 
the Euclidean topology of R+ and © an open set. Let F be a bicomplex function 
F':Q— BC of a bicomplex variable 


Z=a+iy. +jrot+ky. 


Due to the various ways in which bicomplex numbers can be written, the function 
F inherits analogous representations, specifically: 


F= fi +jfe= pi +ip2 = 91+ kgg = 91 + ke = fi + ife = 91 + jge 
= fir +ifes +jfer+kfoo , (7.1) 


where f,, fo,91,g2 are C(i)-valued functions, 1, 2,71,72 are C(j)-valued func- 
tions, f1,f2,91,92 are hyperbolic-valued functions, and f,e¢ are real-valued func- 
tions, all of a bicomplex variable Z. We will, at different times in this section, use 
all of these representations. 

Take now a point Zo € 2 and let H = hy + thy + jhor + kho2 be the 
increment. The partial derivatives of F with respect to the variables 21, y1, £2, y2 
are defined as usual (when they exist) and we give their formulas in order to fix 
the notation: 
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OF _ (Zo + hii) — F(Z) 
— (Zo) := 1 
Ox, 0) i130 hay ; 
F(Z + ihi2) — F(Z 
ee. Zo) := lim (Zo + tha) ( 0) 
Oy hi2—0 hig 
OF By And F(Zo + jha1) — F(Zo) 
Ong 6 fea hay ; 
F F(Z + kho2) — F(Z 
ge Zo) := lim ceo) =) (7.2) 
Oy2 ho2—0 hoo 


Recalling formulas (1.3) and (1.4) we can write the increments as 


H =hy + jho = (Aa + ihie) + j(hai + ihes) 
= ky + ike = (hi + jhai) + i(hiz + jhoz) . 


This leads us to 


Definition 7.1.1. The complex partial derivatives of the bicomplex function F' are 
defined as the following limits (if they exist): 


F(Z + hi) — F(Z) 


’ _ Ty 
F. (Zo) — er hi ’ 7.3) 
1. & (Zo + jhe) — F(Zo) 
/ — 
F (40) = = ho ; 7.4) 
ae F(Z) +1) — F(Z) 
/ — 
Fe, (Zo) = Jim, = ' 7.5) 
F(Z i — F(Z 
Fi, (Zo) = lim Zot ve) = E40) 7.6) 
7 k2—0 K2 


Similarly we introduce the hyperbolic partial derivatives: if we recall for- 
mula (1.5) and write the increment as 


H = 61 + ibe := (hi, + khoe) + i(hig + k(—ha1)), 
then the hyperbolic partial derivatives are 


F(Zo + 61) — F(Zo) 


F! (Zo) := lim : 
31 (Zo) 1 €Go(D), 140 hi 
. F(Z +ib2) — F(Zo) 
F! (Zo) := lim ; 7.7 
32 (Zo) h2¢6o(D), 240 he ren 


where with the symbol Go(D) := Gp ND we indicate the set of the hyperbolic 
zero-divisors together with 0 € D. 


Example 7.1.2. From the point of view of the classic theory of functions of two 
complex variables, one may think, because of the “symmetry” of the imaginary 


www.EngineeringBooksPDF.com 


www.pdfgrip.com 
7.2. The bicomplex derivative and the bicomplex derivability 137 


units i and j, and thus the analogy between the corresponding complex variables, 
that there is no reason to define all the complex partial derivatives (7.3)—(7.6). The 
following simple example illustrates that inside the bicomplex realm the differences 
are relevant. Consider to this purpose the function F : BC + BC, F(Z) = Z'. It 
is immediate to see that 


F., (Zo) = 1, F,,(Z0) = —J 


and that neither Fz, (Zo) nor F¢, (Zo) exist for any Zo € BC. 


Remark 7.1.3. Formulas (1.6)-(1.8) suggest the introduction of six more partial 
derivatives: four complex and two hyperbolic. But since there exists a direct relation 
between the corresponding variables, namely, 


Wi=%1, We= iv, wi=G, w2=—j, w1=31, We =—kjo, 


it is easy to see that we do not get anything essentially new. The situation with 
partial derivatives with respect to variables arising from the idempotent represen- 
tations of bicomplex numbers is on the other hand much more interesting, and will 
be discussed in detail later. 


7.2 The bicomplex derivative and the bicomplex 
derivability 


We continue now with the definition of the derivative of a bicomplex function 
F:Q CBC —> BC of one bicomplex variable Z as follows: 


Definition 7.2.1. The derivative F’(Z) of the function F at a point Zy € Q is the 
limit, if it exists, 

F(Z) — F(Zo) _ ie F(Z + H) — F(Zo) 
Z>Zo Z—ZLo 6oZH>0 A 


(7.8) 


for Z in the domain of F such that H = Z— Zp is an invertible bicomplex number. 
In this case, the function F is called derivable at Zo. 


Corollary 7.2.2. The function F is derivable at Zo if and only if there exists a 
function ap.z, such that 
li H)= 
Seg 


and 
F(Z) + H) — F(Z) = F'(Zo): H+arz,(H)H forall H ¢ Go. (7.9) 


Remark 7.2.3. It is necessary to make a comment here. Traditionally, see e.g. [103], 
p. 138 and p. 432, if h is either a real or a complex increment, the symbol o(h) 
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is used to indicate any expression of the form a(h)|h| with lim a(h) = 0. Since, 
> 


[P| 


both in the real and in the complex case, the expression — remains bounded when 


h — 0, it is clear that one could replace a(h)|h| by a(h)h in the expression of o. 
However, the situation is quite different in the bicomplex case. Here, the expression 


|| 


FT is not bounded when H — 0, and therefore we need to carefully distinguish the 


two expressions. In accordance with the usual notation, we will always use o(H) 
to denote a function of the form a(H)|H|, and therefore the expression in the 
previous corollary ap.z,(H)H is not, in general, 0(H). This distinction is at the 
basis of the notions of weak and strong Stoltz conditions for bicomplex functions, 
which are used by G.B.Price in [56]. 


Remark 7.2.4. A bicomplex function F' derivable at Zo enjoys the following pro- 
perty: 
li F(Z) + H) — F(Z)) =0. 7.10 
realty ,o(F Zo + H) ~ (Zo) (7.10) 
In other words, a function F’, which is derivable at a point Zo, enjoys some sort 
of “weakened” continuity at that point, in the sense that F(Z) converges to F(Z) 
as long as Z converges to Zy in such a way that Z — Zp is invertible. We will see 
later on that this restriction can be removed under reasonable assumptions. 


It turns out that the arithmetic operations on derivable functions follow the 
usual rules of their real and complex antecedents. 


Theorem 7.2.5. (Derivability and arithmetic operations) Let F and G be two 
bicomplex functions defined on Q C BC and derivable at Zy € Q. Then: 


1. The sum and difference of F and G are derivable at Zo and 


(F + GY (Zo) = F’(Zo) + G'(Zo). 


2. For any bicomplex number C' the function C- F is derivable at Zo and 
(C- F)'(Zo) =C- F'(Zp). 
3. The product of F and G is derivable at Zo and 


(F - G)'(Zo) = F"(Zo) + G(Zo) + F(Zo) - G"(Zo). 


F 
4. If G is continuous at Zy and G(Zo) ¢ Go, then the quotient G is derivable 
at Zo and 


Fy’ EF" (Zo) - G(Zo) — F(Zo) - G'(Zo) 
(G) = (CZ)? | 
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Proof. From Corollary 7.2.2, there exist two bicomplex functions ap,z, and ag,z, 
such that 
lim OR, Z(H) = lim AG,Zo (7) = (0 


GoZH-0 GoZH-0 
and 
F(Z) + H) — F(Z) = F'(2o): H+arz,(H)A, (7.11) 
G(Zo + H) — G(Z) = G'(Zo)- H+a0c,z,(H)A, (7.12) 


for all H ¢ Go. The first statement about the sum or difference F'+ G is ob- 
tained easily by adding (or subtracting) formulas (7.11) and (7.12), and noting 
that the functions ariGc,z, ‘= aF,z, + aG,z, respect the properties from Corol- 
lary 7.2.2 (which is an “if and only if” statement). Similarly, if we multiply (7.11) 
by the number C, we obtain statement (2). Note that C’ needs not necessarily be 
an invertible bicomplex number. For example, if C = ce, where c € C(i), then 
from (7.11) (multiplied by C) we obtain that 


ce: F' (Zo) = (c F’(Z))e € BC, 


is the derivative of ce- F' at Zp, which is a zero-divisor. The non-invertibility of C 
does not affect any arguments, as H is always invertible. 

If we multiply the terms F(Z) + H) and G(Z, + H) obtained from the left- 
hand side of formulas (7.11) and (7.12) we obtain: 


F(Zo + H)- G(Zo + H) = F(Z)G(Zo) + (F"(Zo) - G(Zo) + F(Zo) - G'(Zo)) » 
+ (F(Z) @G,z)(H) + G(Zo) ar.z,(H))-H 

+ (F"(Zo)G' (Zo) + F"(Zo) ag, z,(H) + G'(Zo) ar. z, (AH) 

+ arz,(H) ac,z,(H))- H. 


Now, writing 
QFG,Zo (H) = F(Z) aG,Zo (7) + G(Zo) AF Zo (H) 
+ (F’(Zo)G' (Zo) + F"(Zo)aG,Z, (H)+ 
+ G'(Zo)ar,z)(H) + ar,z)(H)ae,z9(H)) - A, 


we obtain: 


li A)=0 
ol 276-%0(H) 


and 
F(2)+ H)-G(Z% + H) — F(Zo)G(Z) 
= (F’(Zo) -G(Zo) + F(Z) - G'(Zo)) - H+arc,z,(H)H, 


which proves that the product F'- G is derivable at Zp and the usual product 
formula holds. 
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We assume now that G(Z)) ¢ Go and that G is continuous at Zo, which 
implies that G(Z) ¢ Go in a neighborhood of Zp. All the computations below are 
performed in this neighborhood. Then we write: 


F(Z)>+H) F(Z) — F(4)9+ H)G(Zo) — G(Zo + A) F (Zo) 

G(Zo +H) G(Zo) G(Zo + H)G(Zo) 

_ (F(Zo + H) — F(Zo)) G(Zo) — (G(Zo + H) — G(Zo)) F(Zo) 

7 G(Zo + H)G(Zo) 

_ (F"(Zo)-G(Zo) — G'(Zo)-F(Zo))-H + (ar, 2.(H)G(Zo) + a6,2.(H)F(Z0))- A 
7 G(Zo + H)G(Zo) , 


(7.13) 


Now note that if we write 


1 1 ( CZ) sake 


G(Zo +H) G(Zo) _ GZ + HG) =:a;(H), 


then the function a;(H) has the property 


li H)=0. 
sae 


Thus using the formula: 


ee 
G(Z) +H) G(Z) 


+a1(H), 


rewriting (7.13) leads to the expression: 


F(Zo+H) _ F(Zo) _ F'(4Zo)-G(Zo) — G'(Zo) - F(Zo) 
G(Zo+ H) G(Zo) (G(Zo))? 


- A az z,(H) -#, 


where a E Zo (#1) is the bicomplex function containing all the remaining terms and 
which enjoys the property 


li A)=0. 
sop to 08.20) 


Using again Corollary 7.2.2, the proof of the derivability of the quotient and of 
the corresponding formula is finished. 


Theorem 7.2.6. Let F and G be two bicomplex functions, F' is defined on an open 
set Q and G is defined on F(Q) C BC. Assume that there is a point Zo € Q such 
that Wo = F'(Zo) is an interior point of F(Q) and such that 


F(Z) — F(Z) €Go, implies Z—Z%¢Go, ZEN. 


Assume now that F is derivable at Zo and G is derivable at Wo. Then the com- 
position Go F is derivable at Zo and 


(Go F)'(Zo) = G'(F(Zo)) : F"(Zo). 
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Moreover, if F’(Zo) € Go and if F is a bijective function around Zo, then its 
inverse F—' is derivable at Wo = F(Zo) and 

(F-*)'(Wo)- F’(Zo) = 1. 


Proof. Via Corollary 7.2.2, there exist two bicomplex functions ar.z, and ag,w, 
such that 


era Or,Z0(H) = ese 5 aa,wo(K) = 0 
and 
F(Z) + H) — F(Z) = F'(2o)- H+ arz,(H)A, (7.14) 
G(Wo + K) = G(Wo) _ G' (Wo) A+ agw, (K)K , (7.15) 


for all H, K ¢ Go. 

Denote by Vy, a neighborhood of Wo contained in F(Q) which exists by 
hypothesis. Let then Vjy,, be the set obtained from Vy, by eliminating the points 
W for which W — Wo are zero-divisors. Let UZ, be the set of all Z € Uz, := 
F~'(Vw,) such that Z — Zp is not a zero-divisor. 

Now we note that formula (7.15) is true for those invertible K such that 
Wk := Wo+K € Vw,; such K exist by taking Wx € Vy. Then by the properties 
of F, for any such K there exists a ZK € UZ, such that We =Wo+ K = F(Z). 
Now we write: 

ZK =Z+H := 244+ (ZK —- Zo), 


where H is invertible by the choice of Zx. Therefore we replace Wo+K = F(ZxK) = 
F(Z + H), Wo = F(Zo) and K = F(Z + H) — F(Z) in formula (7.15), and we 
obtain: 
G(F(Zo + H)) — G(F(2Zo)) = G'(F(2Zo)) « (F(Z0 + H) — F(Zo)) 
+ QG,F(Z)(H) « (F (40 + H) — F(Zo)), 
where Q@,r(z)(H) := AG,F(Z)(F (Zo + H) — F(Zo)) is a function having the 


property from Corollary 7.2.2, as when K — 0 so does H — 0, in both cases along 
invertible bicomplex numbers. Now we use formula (7.14) and we get: 


G(F(Zo + H)) — G(F(Zo)) = G'(F(Zo)) - (F"(Zo) - 1 + ar, z,(H)H) 
+ Ga,r(Z)(H) : (F"(Zo) H+ ap,z,(H)H) 
=: G'(F(Zo))- F'(Z0)- H+ acor(H)H, 
where the function aGor(H) has obviously the desired property from Corollary 7.2.2. 
The last statement of the theorem can be proved quite analogously to the 
cases of real and complex functions. If one assumes beforehand the existence of the 


derivative of the inverse function at W,, then the corresponding formula becomes 
a particular case of the chain rule above: 


1=(F"'0 F)'(Zo) = (FY (F(Zo)) - F'(Zo) ; 
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where we used that the derivative of the identity function is one which is obvious. 


Theorem 7.2.7 (The derivability of bicomplex elementary functions). All bicom- 
plex elementary functions introduced in Chapter 6 are derivable at any point 
Z = Zo where they are defined. In more detail: 


1. Any constant function is derivable with the derivative zero. 


2. Bicomplex polynomials are derivable for any Z € BC. In particular, we have: 


(i = nZt : 


3. The derivative of the bicomplex exponential function e% is e%. 


4. (sin Z)' = cos Z and (cos Z)! = — sin Z. 


5. (tan Z)’ = for any Z such that cosZ is an invertible bicomplex 


1 
(cos Z)? 
number, i.e., using the idempotent representation Z = 8,e+f2el, the complex 
numbers 6, and Bz are not equal to . plus integer multiples of 1. 


Similarly, (cot Z)! = 5 for any Z such that sinZ is an invertible 


—1 
(sin Z) 
bicomplex number, i.e., whenever 2, and By are not integer multiples of 7. 


6. (cosh Z)! = sinh Z and (sinh Z)! = cosh Z. 


7. The (m,n)-branch logarithmic function F(Z) = my(Z), which is defined 
for all invertible bicomplez numbers Z, is derivable for all such Z, and 


NI 


(Im,n)'(Z) = 


Proof. Item (1) is obviously true. 
Note that the formula 


A” — B” =(A— B)(A" 1 4+ A*? B+... +B") 


holds for any A, B € BC, due to the algebraic properties of addition and multi- 
plication of bicomplex numbers. Applying this for A = 7+ H and B = Z, we 
obtain: 


lim =a. 
GoZH-0 A 
, H((Z+ HH)" 14+(Z+H)??Z4+---+ 2") 
= 1 
60ZH-0 HH 
= lim ((2+H)"'4+(Z+H)"7Z4---+ 2") =nZ"". 
6oZH-0 
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It follows that any bicomplex polynomial p(Z) = S 7 AnZ is derivable at any 


k=0 
Z € BC, and its derivative is a polynomial of degree one less, given by 
pA) => bA.2. 
k=1 


Let us consider the bicomplex exponential function e%. For an arbitrary 
Z € BC and an invertible bicomplex number H, we have: 


We show now that 
ef —1 
lm —— =1. 
6 o#H->0 =A 

For this, let us write H = he+ ke! in the idempotent representation, where 
h,k € C(i) are such that hk 4 0. Then e” = ee + e*el, thus 
#Hé1 eMe+te*el et — 1 e* — 1 } 

el. 
H he + ket h k 


Therefore 


i ef —] i eh —] i e®¥ —1 } ee ee 
_ ec e'=e+e'=l1. 
SoZH+0 A pane h pane k 


It follows that 


eftH _ f z oe | 
lim ———=e%*. lim 
6oZH-0 A 6oZH>0 = 


=¢€ ; 


so (e7)' = e%, for all Z € BC. 
Recall that the bicomplex trigonometric functions are defined by: 


eZ 4 e SZ sin Z eZ — eZ 
=—_— in = 
5 F 


Since the exponential function is derivable for all Z € BC, it follows that cos Z is 
derivable for all Z and 


iciZ — je—JZ eZ — e-iZ 
(cos Z)! = d ; = ij =sinZ. 


Similarly the function sin Z is derivable for all Z and (sin Z)’ = cos Z. 
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‘ fase . sin Z 
The bicomplex tangent function is defined as the quotient ae whenever 
cos 


cos Z is invertible. Using the quotient rule, we obtain: 


cos? Z + sin? Z 4 
cos? Z ~ cos? Z* 


(tan Z)' = 


A similar argument applies for the function cot Z. 

The hyperbolic functions of a bicomplex variable are defined as 

Z 146-4 Za gh 
+ ‘nie 
cosh Z = — sin Z = * > 
Again, using that e% is derivable for any Z, it follows that cosh Z and sinh Z are 
derivable for any Z and 
Zo = 3%, Za p-Z 
(cosh Z)' = —— = sinh Z, (sinh Z)/ = ae = cosh Z. 

Recall that the (m,n)-branch bicomplex logarithmic function In,» ,, defined 
for all invertible bicomplex numbers, is the inverse function of e% (at least on a 
subset of its domain of definition). Then we have: 


/ 
= (cnn)! = elm 02) dy g)(Z) = Z > (Wyn n)!(Z)- 


Since Z runs over all invertible bicomplex numbers, we obtain 


N| 


(Inm,n)'(Z) = 


which concludes our proof. 


7.3 Partial derivatives of bicomplex derivable functions 


Since bicomplex numbers admit many representations, in this section we inves- 
tigate what the existence of the derivative implies for different types of partial 
derivatives. 


Theorem 7.3.1. Consider a bicomplex function F :Q Cc BC — BC derivable at 
Zo € QQ. Then the following statements are true: 


OF OF 
1. The real partial derivatives —(Zo) and ——(Zp) exist, for = 1,2. 
Ox¢ Oye 


2. The real partial derivatives satisfy the identities: 


F'(Za) = 5 (Zo) = -i5 (Zo) = 15 (Zo) =e (Zo)-—_ (7.10) 
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Proof. Because F is derivable at Zo, limit (7.8) exists no matter how H converges 
to zero , as long as H is invertible. Consider first H to be real, i.e., of the form 
A =2, =27;+i0+j0+k0 > 0, 2, £0, which is always invertible. Then, since 
there exists F’(Zo), the following limit also exists: 


ita F(Z + x1) = FZo) 
x10 Ly 


OF 
and it coincides with Dan, (20): 
Ty 
The rest of the proof follows by considering the three specific forms of the 
increment H along the units i,j,k, ie., H = iy, with y; 4 0; H = jro, with 
xo # 0; H = kyo, with yo ~ 0, and noting that all are invertible bicomplex 
numbers. 


Let us write the bicomplex function as F = fy; +ifj2 + jfo1+kfo2 in terms 
of its real components, which are all real functions of a bicomplex variable. An 
immediate consequence of the theorem above is 


Corollary 7.3.2. If F is derivable at Zo, then the the real Jacobi matrix of F at 
Zo is of the form 


a —b -c ad 
b -d — 
JnlFl=| . 9 a 3 |? (7.17) 
d c¢ b a 
where 
i Ofir — Oft2 — Ofer — Ofe2 
ey Oy Ox2 Oy2 ” 
b:= Ofia _ Oft2 = Ofer _ O fora 
7 Oy 7 Ox - Oy2 7 Ox.’ 
aoe Ofi. ——- Ofi2 _ Ofer _ Ofee 
“Org Oyo Okt,sCO.”’ 
d= Of _ _Ofiz _ _ Afar _ Afz2 (7.18) 


Oye 0x2 Oy Ox,’ 
and where all the partial derivatives are evaluated at the point Zo. 


Proof. The proof relies on a direct computation using equalities (7.16) written in 
terms of fre. 


Remark 7.3.3. The reader should notice that the special form of the real Jacobi 
matrix above encodes several Cauchy-Riemann type conditions on (certain pairs 
of) the real functions fe, a fact which we will exploit in detail below. 
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Remark 7.3.4. Every 4 x 4 matrix with real entries determines a linear transfor- 
mation on R*. Of course, not all of them remain linear when R* is seen as BC, 
i.e., not all of them are BC-linear. Those matrices which are BC-linear are of the 
form (7.17). Taking into account that the entries of (7.17) are the values of the 
partial derivatives at Zo, one may conclude that (7.17) determines a BC-linear 
operator acting on the tangential BC-linear module at the point Zo. Moreover, in 
the matrix (7.17) there are hidden the two linearities with respect to C(i) and C(j), 
in the following sense: fixing the identifications 


(a1 + iyi, 2 + iye) = (21, 22) > (#1, y1, 2, y2) 


and 

(a1 + jr2,y1 + jy2) = (C1, C2) > (21, 1, 22, ye) 
we have two different identifications C?(i) @ R* and C?(j) © R*. It follows that 
a4x4 matrix with real entries determines not only a real transformation but a 
C(i)-linear one, if and only if it is of the form 


1 -m u —-v 
m l vou 
t -s g —-h 
8 t h g 


Similarly, a4 x 4 matriz with real entries represents a C(j)-linear transformation 
if and only if it is of the form 


A B -E -F 
C D -G -H 
E F A B 
G H C D 


Thus the structure of the matrix (7.17) includes both complex structures. 


Remark 7.3.5. An easy computation shows that the real Jacobian, i.e., the deter- 
minant of the matrix (7.17), is given by 


det(Jz,) = ((b +c)? + (a—d)’) - ((b—c)? + (a+d)”) ER}. 
Moreover, a direct computation yields that the expression above is nothing but 
2 
IF’ (Zo)lil 
i.e., the square of the usual modulus of the square of the complex modulus of 
F"(Zo). 


A simple computation shows that det(Jz,) = 0 if and only if F’(Zo) € Go, 
which is equivalent to 


b=—c and a=d, or b=c anda=—d. (7.19) 
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Note that these relations are between the real partial derivatives of the real com- 
ponents of F at Zo. Recall that the derivative of F at Zo is given by 


F'(Z)) =a+bi+cj+dk. 
Indeed, if b = —c anda =d, then 


F'(Zo) = a(1 +k) + b(i- j) = a(1 +k) +ib(1 +k) = 2(a+ib)-e, 


so F’(Zo) € BCe C Go is a zero-divisor or zero. Similarly, if b = c and a = —d, 
then 


F'(Zo) = a(1 —k) + (i + j) = a(1 —k) +ib(1 —k) = 2(a + id) - et, 


so F’(Zo) € BC; C Go. Conversely, we note that F’(Zo) = 0 if and only if 
a=b=c=d=0, and F’(Z) € Go if and only if relations (7.19) hold. 

For example, if all four of the real partial derivatives of any real function fre 
are zero at Zo, tt follows that F’(Zo) = 0. In particular, if one of fre is constant 
around Zo, then F’(Zo) = 0. 


As a next step, we investigate the consequence of the existence of F’(Z) 
in terms of the complex variables z,,z2 € C(i), where we write the bicomplex 
variable as Z = z, + jzg. We prove the following 


Theorem 7.3.6. Consider a bicomplex function F = f,+jfo derivable at Zo. Then 
we have: 


1. The C(i)-complex partial derivatives F!,(Zo) exist, for € = 1,2. 


2. The complex partial derivatives above verify the identity: 
F'(Zo) = F., (Zo) = iF, (20), (7.20) 


which is equivalent to the C(i)-complex Cauchy-Riemann system for F' (at 
Zo), also called the generalized Cauchy-Riemann system in [68] and [69]: 


fiz, (Zo) ad tou: (Zo) ’ fis (Zo) = —fo0, (Zo) z (7.21) 


Proof. As in the proof of Theorem 7.3.1, the limit of the difference quotient must 
be the same regardless of the path on which H approaches zero, as long as H is 
invertible. Let us choose H = hy = hy +,j0 — 0, and note that if Zp = zo, + jzo2, 
then Zp + H = (201 +h1) +jzo2. Then, since F’(Zo) exists, the following limit also 
exists: 
lim F(Z + hi) — F(Z) 
hy—0 hy 


= ‘oe (Zo). 
Similarly, taking H = jh2 > 0 we get: 


F(Z + jh2) — F(Z 
ho—0 jhe 


= —jF), (Zo). 
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In conclusion, the complex partial derivatives of F' with respect to z, and z2 exist 
(at Zo), and they verify the equality 


F" (Zo) = F2, (Zo) = -iF 2, (Zo) - (7.22) 


If we write F = f, +jfe, the complex partial derivatives of F at Zp are therefore 
given by 


Fe, (Zo) = cc (Zo) + jf2,z, (Zo); Fr (Zo) = fix (Zo) + jf2,25 (Zo) G 


Now it is immediate to see that equality (7.22) is equivalent to the C(i)-complex 
Cauchy-Riemann conditions for F' at Zo. 


Notice that the symbol fj ., (and the other similarly defined symbols) denotes 
in our situation the “authentic” complex partial derivative at a point, not the 


formal operation 
Of _1/ Of : Of 
Oz “~2 Ox, On 


defined on C!-functions. At the same time, these results indicate that bicomplex 
functions which are derivable in a domain are related to holomorphic mappings of 
two complex variables. We will come back in more detail to this issue at the end 
of this section. 


Corollary 7.3.7. Let F = fi +jfo be a bicomplex function derivable at Zo, then 
the real components of the functions fi = fir t+ifig and fo = foi +ife2 verify the 
usual real Cauchy-Riemann system (at Zo) associated with each complex variable 
zy = 2, + iy, and z2 = £2 + iyo; in complex notation this is equivalent to 


OF OF 
az, (7) = By 2) =0, (7.23) 
1.€., 
oft _ Oft _ Ofe _ Ofe = 
Bz, (7) = Bz, (2) = Bz, (7) = Bz, =0, (7.24) 


0 O 

where the symbols an and aa, are the commonly used formal operations on C(i)- 
z 22 

valued functions of z1 and z2, having partial derivatives at Zo, namely, 


of =3(2 is) 


OZ _ 2, Ox, veo, 


and 


of _1/of ..af 
OZ ° 2\ Ore YY Oy2 
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Proof. Let us employ equalities (7.16) involving the real partial derivatives of 


F = fit+jf2 at Z. The second equality in (7.16) is 


OF OF 
a, (Zo) = me (Zo) ; (7.25) 


which is equivalent to (for simplicity we eliminate the explicit reference to Zo) 


Ofit f Ofte f .Ofor i .. Ofo2 os Ofi1 Ofte ; Ofer .. Ofe2 
Ox Oa EPS oe, . Oy TO Bi; Pe ai A a : 


Because the functions fx¢ are real, this is equivalent to the system 


Of — Ofte Ofu — — Ofie 


Ox, Oy,’ Oy Ox, 
Ofer: — Ofe2 Ofa1 Ofo2 

Pp —s4 = rt 2 
Ox 1 Oy” Oy. Ox, 2) 


These are the real Cauchy-Riemann conditions for the complex functions f; = 
fir +ifi2 and fo = fei t+ifo2, with respect to the complex variable z; = 7; + iy. 
In complex notation, if we write equality (7.25) in terms of the complex differential 
O 6) 
= +i , 1t becomes equivalent to the first part of (7.23). 
2\ 0% Ox, Oy, _ E ( ) 
We repeat this reasoning for the equality 


operator 


OF OF 
ig, 9) = U5, (2): (7.27) 


which, after division by —j, is equivalent to the second equality in (7.23). This 
leads to the conclusion that f; and fo verify the real Cauchy-Riemann system 
with respect to the variable zz at Zo. 


Of course, this corollary shows the relation between bicomplex derivability 
and classical holomorphy in two complex variables. 

Let us now express the bicomplex variable as Z = ¢, +iC2, and the bicomplex 
function as F = p; +ip2, where p; = fi1+jfoi and po = fi2+jfo2 are C(j)-valued 
functions. We prove the following 


Theorem 7.3.8. Consider a bicomplex function F derivable at Zp. Then 
1. The C(j)-complex partial derivatives Ft, (Zo) exist, for € = 1,2. 
2. The complex partial derivatives above verify the equality: 
F"(Zo) = Fy, (Zo) = —iF¢,(Zo) ; (7.28) 
which is equivalent to the C(j)-complex Cauchy-Riemann system (at Zo ): 


Pic, (Zo) = P2,¢,(Zo) » Pic, (Zo) = —po,¢, (Zo) - (7.29) 
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Proof. In the definition of F’(Zo) we consider the limit of the difference quotient 
as H — 0 first through invertible values of the form H = #1 + i0, and then 
through values of the form H = 0 + ik2, where k1,K2 € C(j). A computation as 
in Theorem 7.3.6 leads to the existence of the complex partial derivatives of F’ at 
Zo with respect to the variables ¢,,¢2 € C(j), and one can show that they verify 
the equation: 

F"(Zo) = Fé, (Zo) = -iF2, (Zo), (7.30) 


where 
Fe, (Zo) = Pie, (Zo) + ipo, (Zo), Fo, (Zo) = Pi,¢,(Zo) + ipo, (Zo) - 


Now it is immediate to see that the equality (7.30) is equivalent to the sys- 
tem (7.29). 


Corollary 7.3.9. [f F = p, + ipg is bicomplex derivable at Zo, then the real com- 
ponents of the functions py = fir + jfei and pz = fio + jfo2 verify the usual real 
Cauchy-Riemann system (at Zo) associated to each complex variable ¢, = x1 +jxa 
and Cz = y1 + jy2; in complex notation this is equivalent to 


OF OF 
1.€., ‘ r P F 
Pl _ OP1 _ Cf2 _ Of2 a 
Here 


QO 1 5.59 OQ. 1lfa@ .,9@ 
dcr 2\ am Jam)? ace 2 dy Jy) 
Proof. The following equalities from (7.16) among the real partial derivatives of 
F 
OF OF OF 


. _ OF 
Bn, (20) = 45g, 40): a = ig, (20) (7.33) 


are equivalent to (7.31). 


Remark 7.3.10. We showed in Example 7.1.2 that it is possible for a bicomplex 
function to have partial derivatives with respect to 21,22, and not to have partial 
derivatives with respect to ¢1,€2. Now we see that if the function is bicomplex 
derivable, then such a situation is not possible: a bicomplex derivable function has 
complex partial derivatives with respect to the C(i)-complex variables z, and 22 
as well as with respect to the C(j)-variables ¢, and ¢2. Moreover, formulas (7.20) 
and (7.28) show that such derivatives are related by 


F. (Zo) = Fe, (Zo) = -jF,, (Zo) = —iFz, (Zo) - 
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We express now the bicomplex variable as Z = 3; + i132, where 31 = 21 + kyo 
and 32 = yi + k(—22) are hyperbolic numbers, and the function as F' = f; + ifo, 
where f; = fii + kfo2 and fe = fie + k(—fo1). We prove the following 


Theorem 7.3.11. Consider a bicomplex function F = f, + if2 derivable at a point 
Zo. Then 


1. The hyperbolic partial derivatives i, exist for €= 1,2. 
2. The partial derivatives above verify the equality 


F' (Zo) = F!, (Zo) = -iF',(Zo), 


which is equivalent to the following Cauchy-Riemann type system for the 
hyperbolic components of a bicomplex derivable function: 


Figr (Zo) = Fo,50(Z0), —Fjn (40) = —fo,5, (Zo) - (7.34) 


Proof. The existence of the hyperbolic partial derivatives of F = F'(31,32) is ob- 
tained in a similar fashion as above, letting H — 0 through invertible hyperbolic 
values H = h; + i0 and then on paths of the form H = ihe, where 6; and he are 
invertible hyperbolic numbers. We obtain also: 

F"(Zo) = Fy, (Zo) = —iF;, (Zo) , 


/ 
él 


which is equivalent to system (7.34). 


Corollary 7.3.12. If F = f, + ifo is derivable at Zo, then the real components of 
the hyperbolic functions f, = fir +kfoo and fz = fie +k(—fo1) verify the Cauchy- 
Riemann type systems with respect to both variables 31,31 € D; in hyperbolic terms 
this is equivalent to 


OF OF 
353 (7°) = 553 (7) =0, (7235) 
1.€., 
Oft Oft Of2 Of2 
ay | 0) a3 0) B32 | 0) 3 | o) =0, (7.36) 
where 
0 1 0 0 0 1 0 0 
= k = k . . 
aso & i) a a: (3 = zs) et) 


OF OF OF OF 
a (Zo) = kz—(Zo), a (40) = -—kz—(%), (7.38) 
Ox Oy2 Y 


where k = ij. Recalling formulas (7.37) we obtain equality (7.35). 
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Remark 7.3.13. Appealing again to formulas (1.6)-(1.8) which deal with the com- 
plex variables w 1, w2,W1,wW2 and the hyperbolic variables 101, 02, one may wonder: 
what about the Cauchy-Riemann conditions with respect to the corresponding par- 
tial derivatives? Remark 7.1.3 explains how they can be obtained directly from the 
previous statements. We omit the details. 


Definition 7.3.14. Let F be a bicomplex function defined on a non-empty open set 
QC BC. If F has bicomplez derivative at each point of Q, we will say that F is a 
bicomplex holomorphic, or BC-holomorphic, function. 


Thus for a BC-holomorphic function F' all the conclusions made in this section 
hold in the whole domain. Theorem 7.3.6 says that F' is holomorphic with respect 
to z, for any z2 fixed and F is holomorphic with respect to zg for any z 1 fixed. 
Thus, see for instance [39, pages 4-5], F’ is holomorphic in the classical sense of two 
complex variables. This implies immediately many quite useful properties of F’, in 
particular, it is of class C°(Q), and the reader may compare this with Remark 7.2.4 
where we were able, working with just one point, not with a domain, to state a 
weakened continuity at the point. 


7.4 Interplay between real differentiability and 
derivability of bicomplex functions 


7.4.1 Real differentiability in complex and hyperbolic terms. 


We begin now assuming that is an open set in BC and F': Q c BC > BC 
is a bicomplex function of class C'(Q) with respect to the canonical coordinates 
X1, Yi, £2, y2. We are going to work with BC-holomorphic functions and we want 
to determine the place that BC-holomorphic functions occupy among the bicom- 
plex C'-functions. The condition F € C'(Q,BC) ensures that F is real differen- 
tiable for any Z € Q, i-e., that 


OF OF 
1 
OF OF 
+ —(Z)hai + we (Z)h22 + o(H) ; (7.39) 
2 Y2 


where Z = a+ iy, + jx + kyo, A= hi + ihy2 + jho1 + khoo. As a matter 
of fact, this formula does not depend on how the function F' and the variable Z 
are written, and therefore it will be quite helpful to analyze the structure of such 
functions. 

First of all, let us write (7.39) in terms of the C(i)-complex variables hy := 
hat + ihy2 and ho = hoy + iho, so that 
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hi th hi—h 
h=—75—, ha=—Z, 
i 
ho in ho ho = ho 
h = h = . 
21 a? 22 7 


Using this in (7.39) and grouping adequately, we obtain: 


F(Z+H)-F(Z)= ; (S@) i5(2)) shy 
1 / OF _OF = 1 / OF OF 
2 (= (2) Oy (Z)) mn 2 (= ee "Oys 2) me 
1 / OF OF = 
3 (= (4) “Oya @)) Ta 


If we employ the C(i)-complex variables z; = 7; + iy; and z2 = x2 + iyo, and the 
usual complex differential operators 


rs ee” Ee 
Oz 2 Ox, Oyr , OZ, a 2 Ox Oy1 : 


0 1/0 rs) 0 1/o rs) 
— i — +i A 
Oz 2 (se ign] i O22 2 (sr tn) ose 


we obtain the formula 


F(Z +H) — F(Z) = —(Z) +h + —(Z)- fy 
+ Ba 2) -ho+ se) -ho+0(H). (7.41) 


We emphasize that (7.41) does not express a new notion; indeed, this is simply 
the condition of real differentiability for a C!-bicomplex function, although it is 
now expressed in C(i)-complex terms. 


Note that in Section 7 we introduced the symbols FY,(Z) and F,(Z) in- 


OF OF 
stead of the symbols —(Z) and — 
Oz Oz 
derivatives, defined, as usual, as limits of suitable difference quotients, meanwhile 
the latter indicates well known operators acting on C!-functions. The relationship 


between these two notions is clarified by the following definition and theorem. 


(Z) because the former are complex partial 


Definition 7.4.1. A bicomplex C!-function F is called C(i)-complex differentiable 
if 

F(Z+ H)- F(Z) = F,,(Z)-m+ F(Z) -het+ 0(f). 
Theorem 7.4.2. A C!-bicomplex function F is C(i)-complex differentiable if and 
only if both its components f,, fg are holomorphic functions in the sense of two 
complex variables. 
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() 
Proof. The partial derivative F(Z) exists in Q if and only if the operator ae. 
21 


0 
(which one can think of as a dual to the operator an) annihilates the function 
z 


1 
F; that is, if and only if F is holomorphic as a function of z1; this can be proved 
by taking hz = 0 and h; 4 0 in (7.41). What remains is 


F@# By<?2) =F(7 +) = F(Z) = (7) - se) hy + 0(H), 


h 
and since 7 has no limit when h; — 0, then we conclude that FY, (Z) exists if 
1 
OF 


P 
and only if se (2) = 0. In this case, F),(Z) = Dn (Z). 


Similarly, the partial derivative F!, (Z) exists in Q if and only if the operator 


0 ; 
—— annihilates the function F’; this is because we can take now h, = 0,h2 4 0 


22 
BF 
in (7.41). Therefore FY, (Z) = oF (2). 
22 


Finally, we can assume both conditions 


OF , _ OF 


to be fulfilled in Q, with (7.41) becoming 


F(Z +H) - F(Z) = F1,(Z)-n + FL,(Z)- ho +0(H). (7.42) 


This concludes the proof. 


Note that for an arbitrary C(i)-complex differentiable bicomplex function, in 
general, there is no relation between its complex partial derivatives. 

Very similar calculations can be made if we write the bicomplex number as 
Z = 6, + id2 and the C(j)-complex increments as kK, := hy, + jho, and kz := 
hi2 + jhaz. If one follows the steps indicated above, one eventually obtains the 
analogue of (7.41): 


OF OF _ 
ac, (2) + ag, om 


OF Fis cas (Z)Ro + 0(H), (7.43) 


F(Z+H)-F(Z) = 


where the expressions (and similar) are the usual complex differential op- 


a) 
OO, 
erators in C(j). Again, this simply represents the real differentiability of a C!- 
bicomplex function in C(j)-complex terms. 
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The same analysis as above applies to equation (7.43). In particular, the 
definition of the C(j) complex differentiability of a bicomplex function is 


F(Z+H)— F(Z) = FL (Z)-m1+ Fi,(Z)- no +0(H). 


Notice that Remark 7.1.3 explains why the other complex variables wj, we, w1, w2 
do not present any interest in the analysis of the increment of the function. 

Our last step consists in writing Z = 31; + ij2, where 3, := 71; + ky2 and 
32 <= y1 + k(—22) are hyperbolic variables. The hyperbolic increments are 4, := 
hy + kho2 and he = hi + k(—ha1). Then, using the formulas 


— hr +69 
2 


we regroup the right-hand side of (7.39) as follows: 


F(Z+H)- F(Z) 
OF (7) a +bi , OF (7) bo +83 


= Z 
Bn | ) 2 id Oyr 2 
OF b2—b63 OF hi — bf 
gn ke 


1 ( OF OF 1 ( OF OF 
=; (Sa) + 2)) 7 ( = (2) K5~(Z)) ; 
1 ( aF OF 1 (OF OF : 
7 2 (= (4) "Oa, (2)) nar 2 (= -) | E, (2)) 
+0(H). 


The “hyperbolic” differential operators appearing above are consistent with the 
ones in the context of hyperbolic analysis. For the hyperbolic variable 3 = x+ky, 
the formal hyperbolic partial derivatives are given by the formulas: 


01/8, 0 @_1/a 2 
03. 2\da Oy}? 03° 2 \ Ox Oy)’ 


where 3° = x — ky is the hyperbolic conjugate of 3. Therefore, in terms of the 
hyperbolic variables 31 = 71 + ky and 32 = y; + k(—22) and the corresponding 
hyperbolic differential operators, we obtain: 


F(Z +H) — F(Z) 


_ OF OF OF _OF 


= By, + a5 (Z)b (Z)b3 + o(H), (7.44) 


which is a hyperbolic reformulation of the real differentiability of a C!-bicomplex 
function. 
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Again, we can apply to the equation (7.44) a similar reasoning as made 
above. In particular, the definition of the hyperbolic differentiability of a bicomplex 
function is 


OF OF 
= (Fh 

On (Z)b1 Onn 
We are not aware of any other work that studies what could be called hyperbolic 
holomorphic mappings from D? to D?, that is, pairs of holomorphic functions of 
two hyperbolic variables. 


F(Z + H)— F(Z) (Z)b2 + o(H). 


7.4.2 Real differentiability in bicomplex terms 


Formula (7.39) as well as any of the formulas (7.41), (7.43) and (7.44) expresses 
the real differentiability of a bicomplex function, although written in different 
languages: the first of them is in real language, the next two in complex (C(i)- 
and C(j)-) language and the last is given in the hyperbolic one. Now we are going 
to see what the bicomplex language will give. 

Let us first consider the bicomplex increment H = h, + jh2, for which we 
have: 


H+Ht* H— Ht 
h SS h = 
1 2 ’ 2 23 ’ 
a H+ H* = H — H* 
h =) ——____ h = —<———" A 
1 5) ’ 2: 23 (7 5) 


In this setup, formula (7.41) becomes: 
1 (OF OF OF OF 
= hy (cnet jal ; iciapec rake . At 
F(Z+H) —- F(Z) 5 ( )@) A+ (= +i (a) A 
1/OF  ,OF — 1/0F  ,O0F x 
Ts (= -i= a 7+ 5 (= -i52)(@)-H 


+0(H). (7.46) 


NlrR 


We introduce the following bicomplex differential operators: 


a 1fa ,a ee ace 
OG” O\ ae “OaJ* Boi 9 be “Aes” 


0 1/0 .a 0 1/8 .,8 
OZ a: (= ig) OzZ* 2 (= ig) : a0) 


We obtain the following intrinsic expression of the real differentiability of the 
bicomplex function F' in terms of bicomplex differential operators and variables: 
F(Z+H)-— F(Z) 
meg OF OF ,,.— OF 


= ag AH + —(Z)H1 + (Z)H + 


(Z)H* + 0(H). (7.48) 


www.pdfgrip.com 
7.4. Real differentiability and derivability 157 


While real differentiability uniquely defines the coefficients in (7.48), one may think 
that if we had begun with another writing of Z and H, then formula (7.48) would 
be different, that is, other operators would have appeared in it. Direct computa- 
tions however confirm that no matter in which form we write the functions and the 
variables (recall that the operators in (7.47) are given in terms of C(i)-complex dif- 


ferential operators) the operators VARVARA and az" in the right-hand side 
of (7.48) are uniquely defined. But this requires us to clarify what is meant by this 
“uniqueness”. These are the same operators but only when acting on bicomplex 
functions, without taking into account any concrete intrinsic substructure in BC. 
For instance, if the functions are considered C?(i)-valued or C?(j)-valued, then the 
operators are of course different; this is just because they act on objects of differ- 
ent nature. For this reason, one should be careful when working with bicomplex 
functions and operators, having in mind all the time what is exactly the structure 
of BC which is of interest for a specific goal. 


We write here each operator in the various possible ways: 


ee ar Oe AC 
az 2\d2 Jn) 2\8G ‘8G 


If 2, 20 \ 1/2. .¢ 2 
7 2 031 O32 = 2 Ow Ow2 
ee ee ee eee 
_) Ow Owe 2 Ow, Jat, 
1/o 6) 3) 7) 
= i j tk A 
4 (= Oy Ga, =) , oi 9) 
@ _1/a,,a\)_1/a ,a@ 
azt2\dn Jan) 2\aG "ag 
_1f@..0\ 1/7 2? 2 
7 2 03 035 2 Ow, Ow 
_1fa Oy tf Oa 
~ 2 \ Gur “dus ) ~ 2 Swe ~ J dw3 
1(/a ,d.,0 a 
=5 (2 oo ke) (7.50) 
a ( 7) (7) ) ad ( 7) ) ) 
OZ 7 OZ OZ a 2 0G, OCg 
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1/o a) fo) fe) 
= + i j k ‘ 7.01 
4 (2 “Ay, 82, =) ( ) 


and 


7 a .0 
~9\ dm, Jom, 


=i (ge tigg tigg tgs) (7.52) 


O 
OZ*? the 


is a bicomplex function. But if we omit the bicomplex 


Again, take a bicomplex function F’ and apply to it, say, the operator 


resulting function az 
structure and consider F to be a mapping from C?(i) to C?(i), then such an F 
does understand already what the action of the operator 


os 
1/0 . O 1 OZ O22 
= tides |= 
2 OZ OZ2 2 6) 0 

OZ2 OZ) 

; : 1/0 . O 
means, but it does not understand the action of the operator = | —; + iz }. 

2 \ 0G} OG3 


As a consequence of the previous discussion, we obtain the following result: 
Theorem 7.4.3. Let F € C1(Q,BC): if F is BC-holomorphic, then 


OF OF OF 
sot (2) = ap(Z) = spe (Z) = 0. 


(7.53) 


holds on Q. 


Proof. Since F is BC-holomorphic, formula (7.9) holds for all H ¢ Go. But F is 
a C!-function, hence (7.48) holds as well for any H 4 0, thus both formulas hold 
for non-zero-divisors. Then (7.53) follows directly by recalling that both (7.9) 
and (7.48) are unique representations for a given function F’, and by comparing 
them. 


Remark 7.4.4. As we will show later the converse of this result is true as well, but 
we need some additional steps before we can prove it. 


In order to have more consistency with the previous reasonings of this section 
and in analogy with the cases of functions of real or complex variables, we introduce 
the following definition. 
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Definition 7.4.5. A bicomplex function F € C1(Q,BC) is called bicomplex- (BC-) 
differentiable on Q if 


F(Z+H)—F(Z)=Az-H+a(H)H (7.54) 


with a(H) > 0 when H > 0 and Az a bicomplex constant. 


Note that in this definition H is allowed to be a zero-divisor but taking H 
in (7.54) to be any non-zero-divisor, we see from (7.9) that BC-differentiability 
implies BC-derivability. The reciprocal statement is more delicate and will not be 
treated immediately. 

It turns out that Theorem 7.4.3 has many deep and far-reaching consequences 
which we will discuss in the next section. 


7.5 Bicomplex holomorphy versus holomorphy in two 
(complex or hyperbolic) variables 


Take a BC-holomorphic function F’, which we write as F = f; + jfo on a domain 
Q Cc BC with the independent variable written as Z = z, + jz. By Theorem 7.4.3, 
and Remark 7.4.4, this is equivalent to saying that F’ verifies in 2 the system 


aZt az Zt 
For the operators involved we use the appropriate representations from the table 


: ; 0 
in the previous section. Using such a representation for the operators az and 


O 
—— leads to the system 


OZz* 
OF OF OF OF 
me Ja 0, ap tJq = 9, 
OZ OZ2 OZ, O22 
P P 
implying that = =0= a The latter is equivalent to the holomorphy, in 
zy 22 


the sense of complex functions of two C(i)-complex variables, of the components 
fi, fo of the function F’. Thus F can be seen as a holomorphic mapping from 


PF 
= 0, then 


Qc C?(i) > C?(i). But we still have more information. Since azt 


F = fi +jfe verifies 


OF 
oZt 


2)=5 (go tiga) (a tina) 


(a s2(2)) +i (32) | sH(z)) ) =e 


1 
a 
1 
a 
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Thus 


= = (7.55) 


that is, the complex partial derivatives of the holomorphic functions f1, fo are not 
independent; they are tied by the Cauchy-Riemann type conditions (7.55). We 
reformulate the reasoning as 


Proposition 7.5.1. A function F = f; +jfz:Q CBC > BC is BC-holomorphic if 
and only if, seen as a mapping from Q c C?(i) 4 C?(i), it is a holomorphic map- 
ping with its components related by the Cauchy-Riemann type conditions (7.55). 


In other words, the theory of bicomplex holomorphic functions can be seen 
as a theory of a proper subset of holomorphic mappings in two complex variables. 
Each equation in Theorem 7.4.3 plays a different role: two of them together guar- 
antee the holomorphy of the C(i)-complex components and the third one provides 
the relation between them. 


6) 

It is worth noting that the operator azt arises in the works of J. Ryan [69] on 
complex Clifford analysis as a Cauchy-Riemann operator which is defined directly 
on holomorphic mappings with values in a complex Clifford algebra. 

Next, take a bicomplex holomorphic function F' in the form F = gq; + iga, 
where g; and gz take values in C(j) and we write now Z = ¢; + ida, then the 


corresponding differential operators are: 


0 1 fa) . oO 
azt 2 (a ‘ag) 
0 1 0 _ oO 
az 2 (5 +ig) 


P21 O48 
oz* 2\.ace ace}? 


Using again Theorem 7.4.3 and Remark 7.4.4 we have that to be a bicomplex 
holomorphic function means for F’ that 


OF 5 (3a is) =o 


azt 2\ace dG 
aoa (se tig) =9 
a7 2\8 8G)” 
OF 1/0F , ,0F 
ma 


The first and the third equations together give, again, that the components g; and 
g2 of F are holomorphic functions of the C(j)-complex variables ¢; and ¢2, while 
the second equation gives: 

Ogi _ 992 O91 Ogo 


84°86 a6 BG” cues) 
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Proposition 7.5.2. A function F = g, + igo : QC BC — BC is BC-holomorphic if 
and only if, seen as a mapping from Q Cc C?(j) 4 C?(j), it is a holomorphic map- 
ping with its components related by the Cauchy-Riemann type conditions (7.56). 


Finally, take a BC-holomorphic function F : Q Cc BC — BC in the form 
F = wu, + ite, where t,o take values in D and write Z = 3; + ij2, then the 
corresponding operators are: 


Using again Theorem 7.4.3 and Remark 7.4.4 we have that to be a BC-holomorphic 
function means for F' that 


OF =i (2 oP) ag 


azt ~ 2\ a3 "58 
OF 1/O0F OF 
az 2 (a on) = 
OF 1/O0F OF 
az 2 (5 +i) = 


The first and second equations together imply that the components u, and ug of 
F are holomorphic functions of hyperbolic variables 3; and 32, meanwhile the last 
equation gives the Cauchy-Riemann type conditions: 


= = (7.57) 


They look exactly as their antecedent in one complex variable, but this is a totally 
different thing: we deal here with D-valued functions of two hyperbolic variables 
and with hyperbolic partial derivatives. 


Proposition 7.5.3. A function F = uw + iug : QC BC > BC is BC-holomorphic if 
and only if, seen as a mapping from Q C D? > D?, it is a holomorphic mapping 
with its components related by the Cauchy-Riemann type conditions (7.57). 
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7.6 Bicomplex holomorphy: the idempotent 
representation 


Take a bicomplex function F’ : Q C BC > BC on a domain 2. We write all the 
bicomplex numbers involved in C(i)-idempotent form, for instance, 


Z= Bye bi Boel = (e, + im,)e + (C2 + im2)e! 5 
F(Z) = Gi(Z)e+ Go(Z)el 
H= me + noel = (u1 + iv;)e + (ua + iva)e! : 


Let us introduce the sets 
1 == {fr | Bre + Boel € O} Cc Cli) (7.58) 


and 
Q2 := {82 | Bie + Boe! € OQ} C Cli). (7.59) 
It is easy to prove that Q; and Q2 are domains in C(i), see book [56]. 

We assume that F € C1(Q) where the real partial derivatives are taken 
with respect to the “idempotent real variables”: €;,7m1, 2, m2; how this is related 
with the cartesian variables 71, y1, 2, yg will be discussed later. The condition 
F €C'(Q) ensures the real differentiability of F in ©: 


F(Z + H) — F(Z) = — 


OF OF 
+ 5p, (2) wa + 5 (2) v2 + 0(H) (7.60) 


for H + 0. We are going to follow Section 7.4 so we omit many details. First of 
all, let us translate formula (7.60) in C(i)-complex language: since 


_ 1 _ 
(m +71); u2 = 5 (m2 + 72); 
- i_ 
(7, —™); v2 = 3 (M2 — M2)» 


Uy = 


Uu= 


Nl ee bole 


F(Z): ste + Ma) + 5 —(Z)+ 5 (Ma — Ma) + oC) 


| 
= 
an 
oO 
ee) 
zy 
a 
jes) 
zy 
S 
SS 
SI 
mle 
jes) 
> 
a 
+ 
2] o> 
zy 
S 
en 2 
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Remark 7.6.1. Note that the above calculations show that, as is well known, the 
bicomplex function F of class C', seen as a mapping from C?(i) > C?(i), is holo- 


morphic with respect to Bg (q = 1,2) if and only if ag, (2) = 0 inQ. Note that if 


F is a bicomplez function, and we express it in cartesian coordinates, it turns out 
that F is BC-holomorphic if and only if its components are holomorphic as func- 
tions of two complex variables and satisfy a Cauchy-Riemann type relation between 
them. As we will show later, this is definitely not the case when we express F' in 
the idempotent representation. In this case, BC-holomorphy will be equivalent to 
the requirement that each component is a holomorphic function of a single complex 
variable and there are no relations between the components. 


We emphasize that now we are considering the identification between BC 
and C?(i), 
Z = Bye + Bet <— (fi, B2) € C(I), 


where however the basis in C?(i) is not the canonical basis {1,j}, but rather the 
idempotent basis {e, e! }. 
For the next step recall the formulas 


H=me+t met, Ht=met+me', 

H=jetmel, H*=metmMel, 
which imply that 

m = He+ Hel, 7, = H*e+ Hel," 

no = Hte+ Hel, Ny = He+ H*el. 
The condition of real differentiability after substitutions becomes: 
F(Z+4+ H)- F(Z) 


=H (FF (Ze + 5a (2 + Ht (FF (Ze + sr (Ze 


OBy OB» OB» Opi (7.61) 
+ H (= (Z)e 4 ap, (Z)e ) +H (= (Z)e+ OB, (Z)e" | + 0(H). 


Note that the expressions in the parentheses are not, yet, the idempotent forms 
of anything, since the coefficients of e and et are bicomplex numbers, not C(i)- 
complex numbers. Thus we are required to make one more step. Using the formula 
F =Gye+Geoei we arrive at 
F(Z+ 4H) —- F(Z) 
OG2 OG, 


=H (GEwe + a2) +H! (FE we + aa) 


_ PF OG \ dG ‘) * & 0G2 : 
+ H & (Z)e4 aa, (Z)e! |] +H a, (Z)e+ a8, (Z)e' | +0(H). 


(7.62) 
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This formula is valid for any F in C!(Q), so let us analyze how BC-holomorphic 
functions are singled out among those of class C+. 


Theorem 7.6.2. The C!-function F is BC-holomorphic if and only if the three 
bicomplesx coefficients of H', H and H* in (7.62) are all zero for any Z in Q. 


Proof. The if direction follows as in Theorem 7.4.3. Specifically, since F is BC- 
holomorphic, formula (7.9) holds for all H ¢ Go. But F is a C'-function, hence 
(7.62) holds as well for any H 4 0, thus both formulas hold for non-zero-divisors. 
Then the result follows directly by recalling that both (7.9) and (7.62) are unique 
representations for a given function F’, and by comparing them. 

In order to prove the only if, it is helpful to write explicitly the meaning of 
the vanishing of these coefficients, namely: 


OG, ie 0G, tT a 

Die (Z)e Ohh (Ze! =0, 

ea mee 

OB, (Z)e as, (Ze! =0, 

i mL! a 

OB, (Z)e a8, (Z)e! =0. (7.63) 


Now note that the second and the third equations, because of the independence 
of e and el, impose that G and G2 are C(i)-valued holomorphic functions of the 
complex variables 6,, 52 and thus they have authentic complex partial derivatives. 
What is more, the first equation in (7.63) says that one of the partial derivatives 
a) = 0, ae) = 0 for any Z EQ. 
Hence, using (7.58) and (7.59), Gi is a holomorphic function of the single variable 


By € Qy and G2 is a holomorphic function of the single variable Bz € Q2. We now 
want to show that these equations imply that F' is BC-holomorphic. But in fact, 
because of these equations, we have that for any invertible H there holds: 


BZ +H) = F(Z) _ Gilbi +m) = Cit), Go(B2 + 12) — G2(B2) 
A ™m 12 


of each G; and G2 is identically zero: 


el, 
where Z is an arbitrary point in 2. 

Now, by the properties of G and G2 we deduce that the right-hand side has, 
for Go 7 H — 0, the limit G{(G1)e + G4(B2)e!, which concludes the proof: the 
limit in the left-hand side exists also for any Z € Q with Go # H — O and it 
coincides with the derivative F’(Z) making F' BC-holomorphic in 2. 


As a matter of fact, the proof allows us to make a more precise characteri- 
zation of C!-functions which are BC-holomorphic. 


Theorem 7.6.3. A bicomplex function F = Gje + Gael! : OQ Cc BC > BC of class 
C! is BC-holomorphic if and only if the following two conditions hold: 
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(I) The component G1, seen as a C(i)-valued function of two complex variables 
(31, 82) ts holomorphic; moreover, it does not depend on the variable Bz and 
thus G, is a holomorphic function of the variable By. 


(II) The component Gz, seen as a C(i)-valued function of two complex variables 
(81, 82) ts holomorphic; moreover, it does not depend on the variable 3, and 
thus G2 is a holomorphic function of the variable Bz. 


Remark 7.6.4. The functions G, and Gz are independent in the sense that there 
are no Cauchy-Riemann type conditions relating them. 


We are in a position now to prove that the converse to Theorem 7.4.3 is true 
as well. 


Theorem 7.6.5. Given F € C!(Q, BC), then condition (7.53) implies that F is 
C-holomorphic. 


Proof. If (7.53) holds, then a direct computation shows that all the three formulas 
in (7.63) are true, and by Theorem 7.6.2 F' is BC-holomorphic. 


The direct computation mentioned above is quite useful and instructive and 
we will perform it later. 


Corollary 7.6.6. Let F be a BC-holomorphic function in Q, then F is of the form 
F(Z) = Gi(@:)e + Go(Ba)et with Z = Bye + Boel € Q and its derivative is given 
by 


F'(Z) = Gi (Bie + G(B2)e". 


Taking into account the relations between (61,62 and the cartesian compo- 
nents 21, Z2, we have also that 


F'(z, + jzo) = Gi (a1 — ize)e + G(x 4 iz2)el; 
F'(Z) = Gi (Ze+ Zrelje+ G4(Zle+ Zel)el. 


This implies that a BC-holomorphic function has derivatives of any order and 


F(Z) = GY” (Be + GY” (Ba) et 
= G” (Ze + Zletye t+ GS (Zte + Zel)el. 


Remark 7.6.7. Although formula (7.62) is quite similar to formula (7.48) its con- 
sequences for the function F are paradozically different: while formula (7.48) has 
allowed us to conclude that the cartesian components f,, f2 are holomorphic func- 
tions of two complex variables which are not independent, formula (7.62) explains 
to us that the idempotent components G,,G2 are usual holomorphic functions of 
one complex variable which are, besides, independent. 
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Remark 7.6.8. We have proved that if F is BC-holomorphic, then for any Z = 
Bye t+ Boel € 2 it is of the form 


F(Z) = Gi(81)e + G2(G2)et . 
But the right-hand side of the latter is well-defined on the wider set Q:=O,-e+ 
Q2- et DQ (in general, this inclusion is proper), with the notations as in (7.58) 


and (7.59). Moreover, by Theorem 7.6.3 the function F' defined by 


F(Z) :=Gi(Bijet+Go(Poyet, ZEN, 


is BC-holomorphic in Q. Since a = F we see that, unlike what happens in 
the complex case, not every domain in BC is a domain of BC-holomorphy: every 
function which is BC-holomorphic in a domain Q extends BC-holomorphically up 
to the minimal set of the form X,-e+X2-e! containing Q. One can compare this 
with [81]. 


Remark 7.6.9. We recall that if Q C C(i) is an open set bounded by a simple closed 
curve, then there exists a holomorphic function f on Q with the following proper- 
ty: if Q is any open set which strictly contains Q, then there is no holomorphic 
function f on Q such that f restricted to Q equals f. Usually Q is called a domain 
of holomorphy for f. 

Consider now a bicomplex holomorphic function F’ on a domain 2. Suppose 
that 0, and Q2 are domains of holomorphy for G; and G2, respectively, i.e., Gy 
and G2 cannot be holomorphically extended to any bigger open set in C(i). Then 
the bicomplex function F = G,e+ Gee", defined on Q:= Qy-e+Q2- e? cannot be 
BC-holomorphically extended to any open set containing 2. Combining this fact 
with the comments of the previous Remark 7.6.8, we can say that Q is a domain 
of bicomplexz holomorphy for F. 


Remark 7.6.10. The same analysis can be done for the idempotent representation 
with C(j) coefficients. 


Remark 7.6.11. Recall that at the beginning of this chapter we worked with the 
cartesian representation of bicomplex numbers and we investigated many proper- 
ties of derivable bicomplex functions, in particular, such functions proved to have 
complex partial derivatives with respect to z, and zg. This approach fails immedi- 
ately when one tries to apply it to the case of the idempotent representation: this is 
because the definition of the derivative excludes precisely the values of H which are 
necessary for the complex partial derivatives with respect to 31, 82. But in the proof 
of Theorem 7.4.3 we have shown, as a matter of fact, that such partial derivatives 


a) Caco and 


of a BC-holomorphic functions do exist and, moreover 
OF 
OB2 


(Z) = G5(B2)- ef. 
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Remark 7.6.12. Using the results of this section, we can give the proofs of the 
statements of Theorem 7.2.7 in terms of the idempotent writing of the bicomplex 
elementary functions. For example, to prove that the bicomplex exponential func- 
tion F(Z) = e% is BC-holomorphic, we write: 


F(Z) = 7 => ePle + ec? et => Gi(f1)e + G2(B2)et ; 


for all Z = Bye + Boel € BC. But G, is a complex holomorphic function depend- 
ing on 21, similar for Gz, thus Theorem 7.6.3 guarantees that F is a bicomplex 
holomorphic function. Besides, 


(e7)' = (c81)'e + (cet = ee + cet = 7. 


7.7 Cartesian versus idempotent representations in BC- 
holomorphy 


In the previous sections we worked with the real linear space R* which was en- 
dowed sometimes with the standard coordinates @ := (x1, y1,%2,y2) and thus 
we denote it by Ré, and sometimes endowed with the idempotent coordinates 
C= (€1, 71, 2, m2) thus denoted by Rj. The relation between both is given by 


=a, +42, M=Y¥—-22, f2=2%1-Yo, Me=Yi +2, (7.64) 


or, equivalently, by 


1 0 0 1 
0 1 -1 O 

(€1, m1, £2,m2)! := 10 0 -1 -(@1, 41,02, 42)". (7.65) 
01 1 0 


The 4 x 4 matrix from the right-hand side of (7.65) has determinant equal 4, so 
it is invertible, hence 


1 0 1 0 
1 O 1 0 1 
(x1, y1, 2, yo)" = 9/0 +1 0 1 : (€1,7™m41, £2,m2)’, (7.66) 
1 0O -1 0 
that is, 
A+ my, +m mz—m £, —£ 
Ly = 5 a Y= “5 S 2 >= “3 7 Y2= “5 2 (7.67) 


Altogether we have an isomorphism of linear spaces ¢ : Ré > Re defined by 


(x1, y1,@2,y2) + (€1,m1, f2,ma) (7.68) 
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with the inverse linear map ¢7! : Re — R# given by (7.66). Because ¢ is a linear 
isomorphism, the matrix is the Jacobi matrix of ¢, so we denote it by Jz[¢]. Note 
that considering the matrix transpose of (7.65) we can write: 


C=2-Jz{d)'. 


Similarly, we denote the 4 x 4 matrix from the right-hand side of (7.66) by 
J-{¢~*'], which is nothing but the inverse matrix of Jz[@], having determinant equal 


to ZL Hence, we can simply write (7.66) as 
#=0-J{o}. 


Remark 7.7.1. Because the determinant of Jz[¢] is 4, then d does not preserve 
Euclidean distances, i.e., it is not an isometry between R4 and Ri: if the Euclidean 


norm of & is 1, then the Euclidean norm of £ is 


J = 9 + m3 + Bt m3 = V2y/03 + 92 + 03 +98 = Ila] = V2. 


Let us denote by F(V) any bicomplex module of BC-valued functions defined 
onVC Rj, i.e., F(V) is a bicomplex module under the usual operations of addi- 
tion and multiplication by bicomplex constant. We define the change of variables 
operator Wy by 


We: FU)>FV), Welgl(#) = (90 9)(@) = 9(9(@), (7.69) 


where U := ¢-1(V) Cc R4. 
Since ¢ is a linear isomorphism, Wy is a well defined linear operator, i.e., for 
all A, 2 € BC and for all g1, 92 € F(U) we have: 


WolAgi + 492] = AWo[91] + uWelgel - 


The operator Wy has an inverse defined by 


=> = = 


Wei FU) FV), We TAO = (Foo \O=fG (0), — (7.70) 


since (Wy o Ws )Uf] = f and (W5* o Wz)[g| = g. Therefore Wy is a linear 
isomorphism between F(V) and F(U). 

Having established an isomorphism between the two BC-modules we can 
establish now an isomorphism between the corresponding BC-algebras of linear 
operators acting on these BC-modules. Indeed, given an operator B acting on 
F(V), we define the mapping 


Br A:=Wg0 BoW;", 
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where A is an operator acting on F#(U). Then any linear combination or compo- 
sition of operators is preserved under the mapping above: if B, and Bz are two 
operators acting on F(V) and A; and Az are two bicomplex numbers, then 


Wo 0 (Ai Bi + Ao Bo) 0 W5* = Ai (Wo 0 Bi o W5*) + Ao(We 0 Ba 0 W;*) 
=: A, A; + AgAe 
and 
Wy 0 (Bi 0 By) oW5* = (Wy 0 Bio W5") 0 (Wy 0 Bp 0 W5*) 
: Ayo Ag. 


The above general reasoning is specified now for the case of our interest, 
namely, for F(V) = C*(V) and F(U) = C®(U) where the operators of partial 
derivatives act with respect to the corresponding variables. 

Let g be a function in C°(V), then g(@(Z)) is in C°@(U) and the chain rule 
gives: 


2MeloD (ay = = igcoay 
= SEM) 5S + FLOM) FH 
‘ SH (6@) 52 + A (6 a 
= Ws [5p] + We [5s] @ 
= [22 + 22] @ 


Since both the function g and the variable # are arbitrary, we obtain: 


O ) 6) 


Similar computations are made for the other variables. Summarizing, we get: 


) to) () 4 
ea Woo( +o) ows, 


a a) 
Om, = a oWs : 


a = 
— a) oW;". (TT) 
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Briefly, we have established what the partial derivatives with respect to the canon- 
ical cartesian coordinates turn out to be when one makes the change of variables 
passing to the idempotent coordinates. 

Considering the usual gradient operators in R4 and Rj, 


0 0 0A dO 0 dO 0 20 
Va = (Sa) oat a= (=. Omy’ Oly’ x) 


respectively, we rewrite the formulas above in the following compressed form: 
Vaz = Wo 0 (Vz: Jelg]) o Wz”. (7.72) 


If F is a bicomplex function, seen as a mapping F' = (fi1, fiz, fo1, fe2) from R4 to 
R#, then we get a relation between the Jacobi matrices of F in the two coordinates 
systems considered: 


JelF] = Jg[W5F] - Jel (7.73) 


It is useful to have explicitly the reciprocal relations. Let us note that from (7.71) 
we obtain: 


0 0 
—1 es aa pcan 
Ws ° Ox 7 W6 Oe, * Oly , 
Wists a oO 


which leads to 


Wate (se - ome. (7.75) 
Similarly, we have: 

ami = 8e'°5 (air ~ Bn) OM 

Foe Woo s (Get ge) om. (7.76) 


We rewrite the formulas above at the level of gradients: 
Vr= W5* fo) (Ve . Jeo~"]) oWy. (7.77) 
Now for a bicomplex function G, seen again as a mapping from RF to Rj, we get: 


IAG] = Jz (We[G] - Jo~’]- (7.78) 
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The reader should immediately notice that the formula above is consistent with (7.73) 
for F = W,[G] and using the fact that Jz[¢] and J;{¢~'] are matrices inverse to 
each other. 


In conclusion: if we want to translate a differential expression written in the 
cartesian coordinates (21, y1, 22, y2) into an expression with the idempotent coor- 
dinates (¢1, m1, £2, mz), then we use formulas (7.71); if we start with an expression 
given in the idempotent coordinates, then (7.74), (7.75) and (7.76) give its equiva- 
lent in the cartesian coordinates. In other words, we have obtained direct relations 
between the differential operators acting on two copies of R+, one copy with the 
cartesian coordinates and another with the idempotent coordinates. 


The next step is to extend the ideas above onto the C(i)-complex differential 
operators (7.40) in the complex variables z, and z2. Writing now the C(i)-complex 
idempotent coordinates 6; := €; + im, and 62 := 2 + img, the usual associated 
C(i)-complex differential operators are: 


G i1f 4 29 dQ _1/@_,2 

OB, ~ 2 olan Om, : OBo ~ 2 Ola Oma : 

b . 1/6, 0 d 1/a.,a 

ag, 72 (= inc) Oa, 2 (= | inc) ; (7.79) 


Introducing the C(i)-complex gradient operator 


>. (2 8 a a 
aon Oz,’ OZ," Oz" OZ2 ; 


and similarly V gr we summarize these formulas as follows: 


Vze=Vze:-M, Ve=Vz:M"},7 


=) 
Vr=Vg°M, Vg=Vz-M", (7.80) 
where 
1 i 0 0 i 1 @ -0 
_{1 -i 0 0 1+. 1[ -i i 0 0 
ae | pA : M ~9/ 0 01 1 
0 0 1 -i 0 0 -i i 


Now, if we want to derive the formulas relating, say, the differential operators 
in Z with the ones in @, we just have to combine the relations (7.80) above with 
the formulas (7.72) and (7.77): 


Vi=Ve-M-! = (Wyo (Vz: Jald]) oW51) Mo 
= W50 (Vz: Jel¢]- M~*) oW;*. (7.81) 
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A simple matrix multiplication yields the matrix Jz[¢]‘- M~! to be equal to 


1 -i i 
i -1 -1 
2 1 1 i -i 
il 1 


From this we can deduce, for example, the formula: 


oO - ij@ ,o0 , 8 .@ 1 
az, Ve? 9 (= "Dina Oly igo) oWs ; 


If we want now to express the operators in Z in terms of the ones in {, we incor- 


porate in (7.81) the relation between the gradient in @ and the one in /: 


Vz = W50 (Vz: Ja[d]- M~*) o Ws? 
=Wso (V5 /M- Ie{d]- M-) oW5?. 


To get a hands-on experience with the computations above, we could also 


write directly from (7.71): 


_ i/o, 8 4.80 1 
= Woes (= Oly ze ines) oW3 


7 a a A 
= We (55+ 5g, ) oS 


Similarly, we obtain the following formulas: 


a a ee) 4 
Fp = Woo (5 ga) OW, 5 


A similar computation leads to the reciprocal transformations: 


a ee. ee 
ag, "6 05 (ga tigg) Ms, 


@ ois 1f8 -.8 
ap Ve 05 (ge tg) oo, 


(7.82) 


(7.83) 
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O _,_.1f 0 20) 
ap, ¢ °3 (aa tam) oe 
6) 1.1/0 O 
— =W,*o-( — +i ] oW,. 7.84 
ap, ° 05 (ge tig) oe 


We can write the formulas above in terms of matrix multiplication: 


€ 08 a\_ 
Oz O21’ Oz’ O22 a 


where the 4 x 4 matrix above is M - Jz[¢] - M~', as expected. The reciprocal 
transformation is given by 


0 
1 
0 
1 


oOroOorF 


0 i (2 a a °) 
i 0 O81’ 8B, O82" OB, 
0 


1 O 1 O 
0 09 @ OY 1) 0 1 O 1 0 dO 0d 20 
OB,’ OB,’ OBe’ OB, i) iO -i 0 Oz ; OZ, Oz2’ OZ2 ; 
0 -i O i 


where the 4 x 4 matrix above is M - J;[¢~']. M7. 


In conclusion: we have obtained direct relations between the complex differ- 
ential operators acting on two copies of C?(i), one is with cartesian coordinates 
(21,22) and another is with idempotent coordinates (61, 62). 


Remark 7.1. Note that we could have started these calculations from the C(j)- 
idempotent representation of bicomplex numbers, Z = ye + y2e!, where 71,72 € 
C(j) are given by 


Wy =f) + j(—m1), yo = lg + jme. 


Notice that the computations will not yield the same formulas, since one has to 
start with a different linear isomorphism @, for which the defining matrix is ob- 
tained from (7.65) by multiplying the second column by (—1). For example, the 
formulas for the bicomplex differential operators in terms of the C(j)-complex 
idempotent operators are: 


es a ) 

OZ Ov O72 

gat = Woe (gaze gage!) oma, 
oy = Woo (set pet) ow;?, 
gz Woe (gue gt) ows" 
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We leave it as an exercise to the reader to develop in full detail the above 
computations in the language of C(j)-complex differential operators. 


Let us turn now to the bicomplex differential operators (bicomplex ana- 
logues of the complex conjugate Cauchy—Riemann operators). They were defined 
by (7.47) and we have noted several times that they do not depend on the repre- 
sentation of the bicomplex variable Z. Let us comment on this in more detail. 

Introduce the bicomplex gradient operator 


ee ee 
4°" \ OZ’ Zt’ az’ az) 


In standard real coordinates 7, we have: Vz = Vz- 7, where 


T= — - : 7.85 
4{ -J) J J ( ) 
k -k -k k 


1 
1] -i -i i i 
j 


If we want to write Vz in terms of Z differential operators, we simply combine 
the formulas for the gradients in question: 


Vz=Vz-T=Vz-M-T, 


where 
1 1 0 0 
0 oOo 1 1 
M-T=- j~ 5 0 0 ; (7.86) 
0 0 -j j 


i.e., we get exactly formulas (7.47) which express the bicomplex differential oper- 
ators in terms of the complex differential operators in z; and 22. 
If we want to obtain Vz in the idempotent coordinates 6, we compute: 


Vz =Ve-T = (W50(Vz- Jeldl) oW,") -T 
= Wg 0 (Vz: Jelg]-T) o Wz", 
where the matrix Jz[¢]-T is given by 
1+k 1-k 1-k 14k 
if ilk tak isk ink |: @89 
i-j -i+j i-j i+j 


Since 
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we obtain: 
e el ei e 
1 —ie —ie’ ie’ ie 
Jz{o)-T = 3 ai & «@ (7.88) 
—iel -ie ie ie! 


nk oe : ; 
For example, if we want to write az in the real idempotent coordinates, we get 
from above: 


one 5 (3 uae a igacet) owe". 
2 


dZ ° 2 at ° ami 
Furthermore, writing Vz in B coordinates we obtain 
Vz =Wso (Vz-M- Jeldl T) oW;?, 


where the matrix M - Jzg[é]-T is given by 


e ef 0 O 

0 0 e e 
eb e 0 0 : (7.89) 
0 0 e ei 


= e | e= e ; 
OZ Ob, OB2 OB OB 
OF OF OG OG 

_ T _ tak 2 ot 

0 DB ° 7 DB” OB ° 
OF ,, OF — 0Gi 

= —-e! + e= e+ ; 
OB, OB, OB, OB, 

OF OF , 0G 

= — e+ —e' = —~—e = ; 

0B, OB» OB, OB, 


which yields once more the conclusion of Theorem 7.6.3. 


0 


Remark 7.7.2. Under the same hypothesis that F = fy, +ifig +jfor t+ kfo2 is a bi- 
complex holomorphic function written in the standard coordinates Z, the derivative 
of F is given by 

OF OF 


THO og bith ey eae 
A ag 
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where a,b,c,d are real partial derivatives of the functions fre related by (7.18). 
Written in the idempotent coordinates |, the expression above becomes 


2 ee ee 
— 2 Oly Om, Oly Ome ; 
where F = W,'TFi. 


Remark 7.7.3. Let us analyze in more detail the crucial difference between the 
complex differential operators in the z and 6 variables. For example, if we look 
side-by-side at the formulas: 


0 Oo i. ) 
Oz ~ OZ OZt : 
fo) “4 ) ) } 
ag, Ve o(set age) ams, 
we notice immediately a huge difference between them: the first one mixes the one- 


dimensional bicomplex operators in Z and Z', while the second one keeps them 
separate (!). For example, consider the bicomplex function F(Z) = (Z— Z")?; then 


OF OF 
an (2) =o but ap, (2) = (Ps — Ba), 


for all Z € BC, thus F is constant with respect to z1, but not with respect to Py. 


This is tightly related, of course, with the fact that a BC-holomorphic func- 
tion when seen as a mapping from C? to C? with the cartesian coordinates is a 
pair of holomorphic functions which depend on two complex variables and which 
have a Cauchy—Riemann type relation, meanwhile the same function written in the 
idempotent coordinates becomes a pair of holomorphic functions in one variable 
which moreover are independent of each other. 


Remark 7.7.4. Let us see now the relation between bicomplex differential operators 
and the idempotent representation of hyperbolic numbers. Recalling the formula 


for az? we regroup the terms in a different way: 


6) 1 ) ) () ) 
-Ww : _ + -1 
OZ ad 2 (sz ig] ia (a: igs) ) 7 Wo 
1 6) ) ) ) 
—_ i T j T =1 
=wyo5((sre- ame) i(sre+ sel) ) ow, . (7.90) 


But if we write Z = 31 + i32, where 


31 = 7% + kyo, 32 =y1 — kao, 
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and if we use the intrinsic hyperbolic idempotent representations 


31 = (a1 + y2)e+ (a1 — yo)e! = bet boel , 
32 = (yi —aa)e+ (yi +ag)e! =mie+meel , 


then the hyperbolic differential operators have the expressions: 
a) 1/o O a) O 
= k =Ws0| e+ el |] oW;! 

O31 2 (2 7" =) ee (set gre Je 8 

fe) 1/0 6) 6) ) 

= k =W. — = el se 

0322 (a in) = (sme ome ) Ms 
Going back to formula (7.90), we obtain the following formulation of the bicomplex 
differential operator with respect to Z, in terms of the hyperbolic derivatives: 


eT eae ae 


OZ 031 032 


and similarly for the other operators. 


Remark 7.7.5. Analogous computations can be made for all bicomplez differential 
operators, starting with either one of the other writings in terms of the C(j) or 
hyperbolic operators. We leave the details for the reader, with the note that all for- 
mulas are consistent from all points of view. The plethora of formulas in different 
writings, coordinates or change of bases of BC, all of which agree perfectly with 
each other, is again a phenomenon very specific to the bicomplex setup. Think of 
having multiple pairs of glasses which allow you to see a picture (or a movie) from 
different points of view, in different dimensions, distinguishing different colorings, 
etc. 
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Some Properties of Bicomplex 
Holomorphic Functions 


In what follows, we investigate several properties of bicomplex holomorphic func- 
tions defined on a set 2 in BC. Also we assume that 2 can be written in the 
form 


= et gel = { fret Beet | 61 €M%, Bz EM } 


with Q; and Q2 domains, that is, open and connected sets, in C(i). We will call such 
Q “a product-type domain” in BC. Note that such an (Q should be seen as the carte- 
sian product (1 xQz in the “idempotent C?(i)” (which is { (81, 82) | G1, 82 € C(i) }) 
where the elements are written as bicomplex numbers in their idempotent form. 
The topological boundary 02 is the union of the three sets: OQ, x Q2 , Q1 x OD2 
and 00; x OO. The latter is called, sometimes, the distinguished boundary, or 
Shilov boundary, of Q. 


8.1 Zeros of bicomplex holomorphic functions 


We will study the zeros of bicomplex holomorphic functions. For this, let F' be 
such a function defined on a domain Q = Q1e + Neel, so in its idempotent form 


F(Z) = Gi(Ai)e + G2(B2)el , 


for all Z = Bye + Boe’ EC Q. Assume first that neither G, nor G2 are identically 
zero. Because G and G2 are complex holomorphic functions in (; and 62, each 
has isolated zeros. This means that for ¢ = 1,2, if Ge(G¢,9) = 0, then there exists a 
disk Be of center 89 and radius re such that Ge(Ge) 4 0, for all Be € Be \ {Geo}. 
Then on the open set B := B,e+ Bel, the only zero of F is at Zp := B1,0e+Bo,0e". 
Therefore F' has isolated zeros in the set Q := Q,e + Qe. 
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Now if, say, G2 = 0 but G; is not identically zero, then F(Z) = G1({1)e, so 
F(Z) = 0 if and only if Z = Bie + Ael, where 81 is a zero of G; and is an 
arbitrary C(i)-complex number. Therefore the set of zeros of F' is a countable (or 
finite) union of portions of complex lines parallel to the zero-divisor line Dy; = 
C+; in this case the complex line that passes through /1,9e and which is parallel 
to BC,; is of the form 6;,9e + BC,;. A similar statement is true for G; = 0. 


Summarizing, we have just proved the following 


Theorem 8.1.1. Consider a bicomplexz holomorphic function F :Q— BC which is 
not identically zero. Then 


1. if F takes at least one invertible value, then its zero set is either the empty 
set or a set of isolated points in Q; 
2. if F(Z) € BC, for all Z € Q, then its zero set is a countable (or finite) union 


of portions of complex lines parallel to the zero-divisor line Lei; 


3. if F(Z) © BC: for all Z € Q, then its zero set is a countable (or finite) 
union of portions of complex lines parallel to the zero-divisor line Le. 


Example 8.1.2. Consider the bicomplex holomorphic function F(Z) = Z? = 
fi(Z) +i fo(Z), with fi(z1, 22) = 22122 and fo(z1, 22) = 23 — 2?, which are defined 
and holomorphic on C?(i). Their zero sets are: 


Vi = {(21, 22) € C*(i) | 1 = OF U {(z1, za) € C?(K) | 22 = OF, 
Vo = {(21, 22) € C7(i) | z1 = 22} U {(a1, 22) € C7(i) | 1 = —za}, 


respectively. Each of them is a union of two complex lines in C?(i), respectively. 
Note that the intersection Vi N V2 = {(0,0)}, which is just a point and which is 
the only zero of F. 

A direct computation shows that using the idempotent variables 8; = z;—iz2 
and 82 = z; + ize we get: 


F(Z) = Bijet+ Beet =: Gi(B,)e + Go(Ba)el, 


thus the functions G, and G2, which are holomorphic on C(i) with respect to their 
corresponding variable, have only one zero: 6; = 0 and {$2 = 0, respectively. 


Example 8.1.3. Consider now the bicomplex exponential function F(Z) = e7, 


which is bicomplex holomorphic on BC and takes only invertible values for all 
Z € BC. The functions f1 (21, 22) = e*! cos z2 and fo(z1, z2) = e*! sin z2 have their 
zero sets 


V, = {(21, 22) € C*(i) | cos 22 = 0} = { (a ae €eC*(i)|ne 2} , 


Vo = {(21, 22) € C7 (i) | sin zg = 0} = {(z1,nm) € C*(i) | neZ}, 


which are obviously non-compact sets in C?(i). But Vi V2 = 0, so F has no zeros, 
as we already know. 
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8.2 When bicomplex holomorphic functions reduce to 
constants 


In this section we investigate some conditions under which a bicomplex holomor- 
phic function reduces to a constant function. 


Theorem 8.2.1. Let F : Q — BC be a bicomplez holomorphic function on a product- 
type domain Q. Then F’(Z) = 0 for all Z € Q if and only if F is a constant 
function. 


Proof. If F is a constant function, its derivative is zero on 2. Conversely, using 
the notation and result of Corollary 7.6.6, we are assured that 


0 = F(Z) = Gi (Gije + Gh (fa)er, 


for all Z = B,e+ Goel € Q. This is equivalent to G4 (61) = 0 on 1; and G4(62) = 0 
on Q2. Because 2; and Q2 are domains in the complex plane, this implies that 
G,G2 are constant functions with respect to the variables 3,, 82, respectively, 
i.e., Gi(G1) = ay € C(i) for all 6 € OQ: and Go(G2) = ay € C(i) for all Bg € No, 
therefore F(Z) = aie + age', a bicomplex constant for all Z € Q. 


Remark 8.2.2. The proof of the theorem above could have been obtained without 
using the idempotent representation of F. For example, writing F = f; + jfo on 
Q, the existence of F’ on Q implies the existence of the complex partial derivatives 
of fi and fo on Q with respect to z, and z2, related by the Cauchy-Riemann type 


FP 
conditions (7.55). Using the fact F’(Z) = az — 0, we can derive easily that the 
partial derivatives of f, and f2 with respect to both z, and zg are zero, which 


implies that f, and fo are constant on the domain Q, so F is constant on Q. 


Now we are interested in examining under what conditions a bicomplex holo- 
morphic function F’ has zero derivative on a domain 2. 


Theorem 8.2.3. Let F be a bicomplex holomorphic function on a product-type sim- 
ply connected domain Q in BC. Then F is a constant function if and only if any 
of the following equivalent conditions holds: 


1. Writing F = fi, t+ifie+jfe1+kfoo, one of the real functions fxg is constant. 
In particular, F' can be “missing” one (or more) of the real components fixe, 


4.€., fre = 0. 


2. Writing F = fitjfe, either fi or fz is a constant C(i)-function. Similarly for 
F=g9, +kgo. In particular, F can be either C(i)-valued (i.e., fo = g2 = 0), 
or j- C(i)-valued (i.e. fi = 0), or k- C(i)-valued (t.e., g, = 0). 


3. Writing F = pi +ipe, either pi or po is constant. Similarly for F = 714+kye. 
In particular, F' can be either C(j)-valued (i.e., p2 = 2 = 0), or i-C(j)-valued 
(i.e., p1 = 0), or k- C(j)-valued (i.e., y1 = 0). 
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4. Writing F = fi + ife, either fi or fo is constant. Similarly, for F = g1 +jge. 
In particular, F can be either D-valued (i.e., f2 = g2 = 0), or i- D-valued 
(i.e., f: =0), or j- D-valued (i.e., g, = 0). 


5. F(Z) =A- f(Z), where A € BC is an invertible bicompler number and f is 
either a C(i), Cj), D, jC(i), kC(i), iC(j), kC(j), iD or jD-valued function. 
Observe that if A € G, then both F(Z) and F'(Z) are in G. 


6. The function F is of the form F = f +jAf with a C(i)-valued f and X € 
C(i)\ {+i}. Similarly F can be of the form F = p+i(up) with w € C(j)\{+j} 
and a C(j)-valued p; or F = f + i(af) with a € D. Observe that if A = +i, 
then the values of F(Z) and of F’(Z) are in Go. 


7. Either one of the complex moduli |F(Z)|; or |F(Z)|j equals a non-zero con- 
stant (in C(i) or C(j)) for all Z € Q. Observe that either one of the complex 
moduli is zero for all Z if and only if F(Z) and so F’(Z) are in Go. 


8. The hyperbolic modulus |F(Z)|k equals an invertible hyperbolic constant for 
all Z € Q. Observe that |F(Z)|x is a hyperbolic zero-divisor if and only if 
F(Z) and so F’(Z) are in Go. 


9. F(Z) is invertible for all Z € Q and either one of the complex arguments 
arg;(F(Z)) or arg;(F(Z)) are constant for all Z. 


Proof. Assume the function f11 is constant on 2. Using relations (7.18) it follows 
thata = b=c=d=0, ie. all the other real functions f;,~ have real partial 
derivatives zero with respect to all four real variables 71, y1, x2 and yo. Since Q 
is a domain, it follows that all f,e are constant functions, thus F is a constant 
bicomplex function which provides a proof of (1). 

The proofs of the next items (2)—(4) are easily reduced to (1). For example 
if fo is constant, then fo; and fo2 are constant, so F’ is constant, etc. But let us 
further investigate the case fo(z1, 22) = A € C(i) in the idempotent representation 
F = Gyje+ Goel. We obtain for any Z EQ): 


Gi(Z) = fi(Z) — id, Go(Z) = fi(Z) +i. 


Since F’(Z) exists on all Q, then G; depends only on 6, = Ze and G2 depends 
only on By = Ze, ice., 
0= OG, _ OG2 
OB OP, 
Recalling the relation between the partial derivatives with respect to z; and z2 
and those with respect to 8; and {2 we have: 


0 1/0 _ Oo 15 
an = Woe [3 (Gata) fo 


O | Lie «OD = 
ap, Woo | (= ric) ow, ’ 


(2), (Z). 
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which implies that 
Ofi .Oofi 
( Oz : Oz 0 , 


1 
2 
1/0 O 
a oft + Oi) — 0, 
2 Oz Oz 
hence the partial derivatives of f; with respect to z; and zz are zero, so f; is a 
constant. Similar arguments hold for the other cases (2)—(4). 

We use the same type of calculations for the proof of the next assertion: let 
F(Z) =A. f(Z), where f is either a C(i)-, C(j)-, D-, etc. valued function, and 
A=aye+ age’, say, with a,,a2 € C(i), ajag #0. Then 


F = (a:f)e+ (aof)el =: Gre + Goel. 


Again, because F’(Z) exists in Q, then CL, = os 

OB2 OB, 
the partial derivatives of f with respect to the C(i)-, C(j)- or hyperbolic variables 
to be zero, i.e., f is a constant. Therefore F is constant. 

Note that (5) can also be proved directly, using the fact that if F' is deriv- 
able on Q, then multiplying it by any bicomplex constant (in our case A~!) will 
yield a bicomplex derivable function G(Z). Therefore, if F(Z) = A- f(Z), then 
G(Z) = f(Z) is a complex, hyperbolic, etc. valued BC-holomorphic function, so 
it is constant. 

The proofs of the case when, for example, fF = f + j(Af) is easily obtained 
from the previous one: we write F = (1+ jA)f, and note that A := 1+ ja is 
invertible if and only if A 4 +i. We note also that a direct proof of this fact is 
obtained using the Cauchy-Riemann conditions for f; = f and fo = Af: at any Z 
we obtain 


(Z) = 0, which will force 


Of _ Of: _ Ofe of 


Oz ~ Oz ~ Oz — “oe 


Of _ Of Ofe il 
Oz Oz Oz Oz , 
from which we get: 
Of Of 
1+” =(1+)? = 
(+5 = (+) SF =0, 


so if \ £ +i, then f is constant, and so on. 
Assume now that |F(Z)|; = a € C(i) for any Z € Q. In the idempotent 
representation, we have: 


a? = |F(Z)|? = Gi(B1) - Ga(B2), 


for all Z € Q. If a = 0, then we get that G,(6,) = 0 or Go(G2) = 0 for all 
Z = Bie + Boel. Since G, and Gz are complex holomorphic functions on 0), 
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respectively Q2, domains in C(i), their zeros are isolated, unless they are identically 
zero. Thus, it follows that either G; = 0 on Q; or Gg = 0 on Qo. In either case, 
the result is that F(Z) € Go for all ZE 2. 

If a 4 0, then the following argument applies: the partial derivatives with 
respect to both 6; and {5 of the product G - G2 are zero: 


O(a?) — A(Gi (81) - Ga(B2)) ' 
= ab = ahh = Gi (61) - Ga(22), 
O(a?) — O(G1 (81) - G2(B2)) 


OBo OB 


for all 6, € Qy and By € Oe, so in the case that neither G; nor G2 are identically 
zero, then both G; and G2 are constant functions on their domains. Therefore, F’ 
is constant. Similarly in the C(j) case. 

A special computation is necessary when the hyperbolic modulus of F' equals 
a hyperbolic constant a = a; + kag, where now a,,a2 € R. Let F = f, + if2, and 
write each hyperbolic function fy = s;e+ tye’ and fe = sge+ toe! in idempotent 
components (in the intrinsic hyperbolic writing), where s1, s2, t1, tg are real-valued 
functions of the bicomplex variable Z. Then 


0= = G1 (61) - Go(B2), 


F= (sje +tyel) +i (soe + tgel) = (sy + isg)e+ (ty + itz)el S Gie+ Geel; 
Then the square of the hyperbolic modulus of F is given by 
aje + azel = a” = | F(Z) |x = (si(Z) + 83(Z))e + (4(Z) + B(Z))et, 


therefore 

aj = s}(Z) + 85(Z) = Gi(Z) - Gi(Z) 
and 

ax = t{(Z) + t3(Z) = G2(Z) - Ga(Z) 


for all Z. Because 51, 52,t, and t2 are real-valued functions, then a, = 0 or ag = 0 
is equivalent to s; = so = 0 or ty = tg = 0, respectively, which is equivalent to 
F(Z) being a zero-divisor for all Z. 

The function G,(Z) is a complex holomorphic function which depends on (5; 
only: G; = G1(1), thus the function G, is anti-holomorphic in 61, so that in the 
identity a? = G1(81)-Gi(81) we cannot take the derivatives of both sides but we 


O 
can apply the Cauchy—Riemann operator da; which gives: 
1 


O(G OG —— ——— 
9 = Gr Ci) g,) — 919.) = Gya)-GAD, 
OB, Op, 
where we used the fact that Ga a On = = 0. Since this happens for all Z, so for 
OP. ab, 


all 8, € Q1, it follows that either G; = 0 so G, = 0, or that G, is constant. An 
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analogous argument holds for G2. Note that G; = 0 if and only if 5s; = sg = 0, so 
F(Z) € Go for all Z, and similarly for G2. Otherwise, it follows that F is constant. 

Consider now F(Z) to be an invertible bicomplex number for all Z € 2. 
Assume that, in its C(i)-complex trigonometric form 


F(Z) =|F(Z)|ie° = |F(Z)|i(cos © + jsin 8), 


the principal argument © = arg,(F'(Z)) is constant for all Z. Then the expression 
eJ® is an invertible bicomplex number, say, A. Therefore F(Z) = A- f(Z), where 
f(Z) = |F(Z)|; is a C(i)-valued function. Because F' is bicomplex holomorphic on 
Q, it follows that F is constant. Similarly for the C(j) case. 


Corollary 8.2.4. Let F be a bicomplex holomorphic function on a product-type 
domain Q. Each of the following conditions implies that F’(Z) € © for all Z EQ: 


1. F(Z) €G for all Z EQ. 


2. If we write F = Gye + Goel, then either G1 or Go is a constant function. 
This cali if and only if F'(Z) € G for all Z. 


3. - F(Z )= f(Z), where A € G and f is either a C(i)-, C(j)-, D-, jC(i)-, 
kC(i)-, a )-, kC(j)-, iD- or jD-valued function. 


4. |F(Z)|; =0 for all Z €Q. 
5. |F(Z)|j =0 for all Z € 0. 
6. |F(Z)|k € G for all ZEN. 


8.3 Relations among bicomplex, complex and 
hyperbolic holomorphies 


We have proved that if F' is a bicomplex holomorphic function on a bicomplex 
domain 2, then its components in all bicomplex writings have very specific and 
rigid properties. 

For example, if F = f; + jfo, then f; and fg are C(i)-complex holomorphic 
functions in the two complex variables z,; and z2 and they are related by the 
Cauchy-Riemann type equation (7.21). Similarly, if F = p; + ip, then p; and p2 
are C(j)-complex holomorphic functions in the two complex variables ¢; and ¢2 and 
they are related by the Cauchy-Riemann type equation (7.29). Next, if F = fi+ife, 
then f, and fz are hyperbolic holomorphic functions in the two hyperbolic variables 
31 and 32 and they are related by the Cauchy-Riemann type equation (7.34). 
Finally, in both idempotent representations the idempotent components of F’ are 
complex (in C(i) or C(j)) holomorphic functions each of them of its corresponding 
complex variable. 

Also we have seen that if we start with a C'-bicomplex function F, then all 
the holomorphy properties above are neatly obtained from the point of view of 
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bicomplex, complex, and hyperbolic differential operators. In summary, if we use 
the different linear isomorphisms between R*, C? (in i or j), D? and BC, then all 
the differential operators whose annihilations lead to the notions of holomorphy 
in each case appear in the formulation of the bicomplex differential operators. So 
all four operators 


) 0 O 0 
— and 
OZ OZ’ AZ OZ* 
encode multiple notions of complex and hyperbolic holomorphy when applied to 

the corresponding components of the function F’. 

In this respect, the differences between the theory of several complex variables 
and bicomplex analysis lie in the fact that in the latter case we work with pairs of 
complex holomorphic functions which are not independent: they are related by a 
Cauchy-Riemann type system. The same fact happens in the usual one complex 
variable theory, when the two real functions of two real variables are connected by 
the usual Cauchy-Riemann equations. By this reason and the numerous arguments 
we have already discovered so far, bicomplex analysis is in fact a one-variable 
theory inside the theory of mappings in two complex variables. 

Therefore, having an example of a bicomplex holomorphic function F’ pro- 
vides examples of two complex holomorphic functions and two hyperbolic holo- 
morphic functions. If F' is such a function, then writing F = f; +jfe, we have 
that f; and fz are complex holomorphic functions in two variables, which are re- 
lated though, so f2 is somehow almost determined by f;. We will elaborate on 
this fact later on. Moreover, if we write F = f; +if2, then f; and fy are hyperbolic 
holomorphic functions of two hyperbolic variables. 


Example 8.3.1. Consider the bicomplex exponential function F(Z) = e%. Then 
fila, 22) = e* coszq and fo(21, 22) = e*! sin zg are holomorphic in z and 23. 
Also fi(31,32) = 3! cos32 and f2(31,32) = e3! sin3e are hyperbolic holomorphic 
functions in two hyperbolic variables. Moreover, writing Z = w, + kw2, then also 
the functions f,(w ,w2) = e” cosh wy and fo(w1,w2) = e”! sinh w2 are holomor- 
phic in w, and wo. 


Of course, this example is simple but there is a fine point here: the pairs 
of functions that arise possess many additional properties which in no way are 
immediately seen from inside the theory of complex-valued holomorphic functions 
in C?. An illustration of this is the fact that the arising functions are null solutions 
to the complex Laplacian; we will comment on this later. 


8.4 Bicomplex anti-holomorphies 


We can define three notions of anti-holomorphy in the bicomplex context. Let us 
start with a bicomplex function F of class C! on a domain Q. We have proved that 


F is bicomplex holomorphic if and only if the three differential operators _ az 
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and — anihilate the function F' for all Z € Q, i.e., 


OF OF OF 
EAI (4) = ag”) ~ OZ* 


(Z) =0. (8.1) 


In this case the bicomplex derivative of F' exists for all Z, and it is related to the 
fourth differential operator: 


BZ) = a (2). 


O O 
We have seen that the operators az and azi are intimately related, and the 
) 


same is true fo e and 
me 1 Tu r —: and =. 
OZ OZ* 


One may wonder what happens if instead of having relation (8.1) we impose 
one of the following conditions for F for all Z in its domain: 


OF OF OF 
57 (2) = sp(Z) = Gpe(Z) = 0, (8.2) 
OF OF OF 
57 (2) = apt) = apalZ)= 9: (8.3) 
OF OF OF 
57 (2) = oat (2) = Sp (Z) =0- (8.4) 


Equalities (8.2) define what can be called {-anti-holomorphy while equali- 
ties (8.3) are about bar-anti-holomorphy and equalities (8.4) are about *-anti- 
holomorphy. It is clear how to introduce the corresponding derivatives. 

We can interpret each of these conditions using all the formulas we developed 
so far, in all the possible bicomplex writings. Note that if we compose F' with a 
change of bicomplex variable W +> Z1, then (8.2) is equivalent to 


OF? OFt OFt 


awit) = ae) = ope 


(W) =0, 


where Ft(W) = (F(W))'. This is equivalent to the fact that the function Ft is a 
bicomplex holomorphic function of a bicomplex variable W = Z'; more exactly, 
the function F'(Z") is simply BC-holomorphic. In the same fashion, F is bicomplex 
bar-anti-holomorphic if and only if the function F is bicomplex holomorphic with 
respect to Z; F is bicomplex *-anti-holomorphic if and only if the function F* is 
bicomplex holomorphic with respect to Z*. We leave the details to the reader. 
Let us study in more detail the notion of bicomplex }-anti-holomorphy. If we 
choose to write F = p; +ip2, then (8.2) leads to p, and p2 being anti-holomorphic 
functions of the two C(j)-complex variables ¢; and (a, i.e., they are holomorphic 
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with respect to the j-conjugate variables Cj and ¢3, related by the Cauchy-Riemann 
type system: 

Opi _ Op2 Opi = Op2 

Or Og” 0G Oct 
For the same condition (8.2), using the idempotent representation F = T,e+Tzet, 
where Z = yye + y2e! with 71,72 € C(j), we obtain that I, and I’, are complex 
anti-holomorphic functions depending on only one variable: yj for Ty and 73 for 
T2, respectively. Similar statements are true for the other two types of bicomplex 
anti-holomorphy. 

In the C(i)-idempotent representation F = Gie+Gel, where Z = 8,e+f2el 
with 61,58, € C(i), equation (8.2) leads to the conclusion that G and G2 are 
complex holomorphic in variables 62 and (1, respectively: note here the reversed 
role of the complex variables 6, and {2. 


8.5 Geometric interpretation of the derivative 


We have described previously some properties of smooth hyperbolic curves which 
make them similar to the usual, real, curves in the complex plane. It turns out 
that this similarity extends quite far and it allows us to obtain a geometric inter- 
pretation of the derivative at a point. 


Definition 8.5.1. Let Q be a domain in BC, let Zp be a point in Q and let f : AC 
BC —+ BC be a function. The function f is called a hyperbolic angle preserving 
mapping at Zo, or a D-conformal mapping at Zo, whenever the following holds: if 
Ty and. are two hyperbolic smooth curves passing through Zo and if their images 
f(T1) and f(f2) are also hyperbolic smooth curves passing through Wo = f(Zo), 
then the hyperbolic angle between Ty and T2 at Zo is the same as the hyperbolic 
angle between f(T1) and f(T2) at Wo. 


We begin with an auxiliary lemma which is of interest by itself. 


Lemma 8.5.2. If f is bicomplex holomorphic in Q and T is a smooth hyperbolic 
curve in Q, then f(T) is also a smooth hyperbolic curve. 


Proof. Since f is bicomplex holomorphic, then it is of the form f(Z) = Fi(G1)e+ 
Fy(Ba)et for Z = Bye + Boet € Q. Since I is a smooth hyperbolic curve, then 
it has a parametrization of the form y(u,v) = yi(w)e + yo(v)el where yi and v2 
are parametrizations of smooth curves in C(i); thus, y}(u) 4 0 and y}(v) 4 0 for 
any u and v. 

It is clear that f oy is a parametrization of f (I): 


fog(u,v) =f (¢i(we + y2(v)e) 
= Fy (yi(u)) e + Fy (y2(v)) et. 


Since both F, oy; and Fy, o we are parametrizations of smooth curves in C(i), it 
follows that f oy is a parametrization of a smooth hyperbolic curve. 
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Theorem 8.5.3. If f is bicomplex holomorphic at Zy € Q and f'(Zo) is neither 
zero nor a zero-divisor, then f is a D-conformal mapping at Zo. 


Proof. Since f is bicomplex holomorphic we can write f(Z) = f(Gie+ Bet) = 
F,(81)e + Fo(62)et; moreover 


f'(Zo) = Fi(Bp)e + F2(83)e! 


and 


argy f’(Zo) = (1e + be! € D. 


Next, take a smooth hyperbolic curve [ passing through Zp and let T be the 
hyperbolic tangent line to [at Zp. By the previous Lemma, f (I) = A = A,e+Ag2et 
is also a smooth hyperbolic curve with hyperbolic tangent line P at Wo = f(Zo). 
Since [ = y,e + ye! has a parametrization 
(u,v) = viluje + ya(v)et, 
where vy, and vz are, respectively, the parametrizations of the smooth, real curves 
‘1 and 2 in C(i), then one can take the projections of T and P on BC, and BC,; 
and write: 


T =te+ tee’, P= pie+pre. 


Writing also Z) = Ble + Boel = —i(uo)e + Ya(vo)el, we note that t, is the (real) 
tangent line to 7 at yi(uo) as well as te, pi, po are the (real) tangent lines to y2, 
Ai Az at Y2(v0), Fi(yi(uo)), Fe(v2(vo)) respectively. 

Denote now by ji and fg the real numbers such that tan, and tan fg are 
the (real) slopes of t; and tg respectively. Similarly, the real numbers «; and ke 
are such that tank, and tank, are the (real) slopes of p,; and po. Hence, the 
hyperbolic slopes of the hyperbolic lines T and P are, respectively, 


tan wy = tanyje + tan pel, 


tank = tankye+ tan Kel. 
But 6, = arg F{ (89) and 02 = arg F},(85(89) hence 
Ky = +0, and Ko = U2 + O2 
which means that 


kK = pUt+argp f'(Zo). (8.5) 


In other words, the hyperbolic argument argp f’(Zo) can be seen as an “increment” 
which the hyperbolic angle jw, characterizing the tangent line T, gets when we pass 
to the tangent line P. As in the complex analysis case this increment depends on 
Zo only, and not on the curve I. 
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We are ready to complete the proof. Take now two curves T and i passing 


through Zo, then for each of the (8.5) it holds that: 


K = p+ argp f'(Zo), 
K = fi + argy f’(Zo). 
Substracting them gives: 
K-K= pp 


which means that f is a D-conformal mapping ar Zo. 


Remark 8.5.4. Consider also an interpretation of the hyperbolic modulus of f'(Zo). 
By the properties of such moduli, one has: 


If(Z) — f(Zo)|p 


Z->Zo |Z — Zolp 


for Z— Zo € Go. Hence, for any Z close to Zp, Z — Zo E Go, with respect to the 
hyperbolic modulus there holds: 


F(Z) - f(Zo)lp ¥ |f’ Zo)lp |Z - Zolp: (3.6) 


In analogy with the case of complez holomorphic functions, we say that a bicom- 
plex holomorphic function with the derivative at Zo different from zero and zero- 
divisors, realizes locally, at Zy, a hyperbolic homothety, with the hyperbolic coeffi- 
cient | f’ (Zo) in all directions except those of the cone of zero-divisors generated 
by Zo: 


D’ 


8.6 Bicomplex Riemann Mapping Theorem 


In one complex variable the Riemann mapping theorem has different formulations. 
We will use the one from [47]. 


Theorem 8.6.1. Let A be a simply connected domain such that A # C. Then there 
exists a bijective conformal map f : A —> B(0,1) where B(0,1) is the unit disk 
in the complex plane. Furthermore, for any fixed zy) € A, we can find a function f 
such that f(zo) =0 and f'(zo) > 0. With such a specification f is unique. 


In the classical setting of holomorphic functions of two complex variables, 
there are no analogues of this theorem for domains in C?. It turns out that there 
exists an analogue of it in the context of bicomplex holomorphic functions. 


Theorem 8.6.2 (Bicomplex Riemann mapping theorem). Let Q C BC be a product- 
type domain Q = Q1e+Q2e! such that Q1 and Qz are simply connected domains in 
C(i) and Qy 4 C(i), Q2 4 C(i). Then there exists a bijective D-conformal mapping 
f: QB, with By := {Z € BC | Z| < 1} the bicomplesx ball of hyperbolic radius 
1 centered at the origin. Furthermore for any fixed Zo € Q, we can find an f such 
that f(Zo) = 0 and f'(Zo) is a strictly positive hyperbolic number. With such a 
specification f is unique. 
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Proof. Since Q = Q1e+Qz2e! we can apply the complex Riemann mapping theorem 
to Q; and Q2 obtaining the bijective complex conformal mappings F) and F 
onto the unit disk B(0,1) Cc C(i), which are complex holomorphic functions with 
derivatives different from zero. Set 


F:= Fie+ Foel. 
Clearly F' is a bicomplex holomorphic function on 2 such that the derivative 
F'(Z) = Fi(@i)e + Fy(Ba)el 


is not in Gp for any Z € Q. Moreover, F' realizes a bijective correspondence 
between 2 and B,. Thus, the first part of the theorem is proved. 
Take now Z € Q hence Zp = Be + B9et, and let F, and Fy be such that 


F,(8?) =0, F2(62)=0 and Fi(6}) > 0, F282) > 0. 


Hence F(Z) = 0 and F’(Zo) is a strictly positive hyperbolic number. 


Definition 8.6.3. Given two domains Q and = in BC, they are called D-conformally 
equivalent if there exists a bijective D-conformal mapping from Q onto =. 


Corollary 8.6.4. Any simply-connected product-type domain in C?(i) such that 
none of its idempotent components is the whole C(i) is D-conformally equivalent 
to the unitary bidisk. 


The analytic theory of bicomplex functions has also been carried out in Price 
[56]. Using computational algebra techniques, properties of bicomplex holomorphy 
such as removability of singularities, Cauchy-Kowalevsky extensions, and bicom- 
plex hyperfunctions have been developed in [19, 20, 96]. 

There are numerous applications of bicomplex holomorphic functions in both 
mathematics and physics, from the study of bicomplex manifolds [7, 21, 22, 49], 
bicomplex pseudoanalytic functions [8], bicomplex fractal theory [12, 13, 29, 48, 
59, 60, 61, 62, 102], bicomplex zeta functions [43, 42, 63], functional analysis with 
bicomplex scalars [2], all the way to applications in electromagnetism [3], homo- 
thetic motions [4, 5, 6, 38], and quantum mechanics [32, 33, 34, 64, 66, 67]. For 
example, the algebraic structure and the geometry of bicomplex numbers are a 
natural setup for the space of quantum mechanics projectors, as the bicomplex 
holomorphic functions are for the complex fields in relativistic quantum field the- 
ory. 
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Chapter 9 


Second Order Complex and 
Hyperbolic Differential 
Operators 


9.1 Holomorphic functions in C and harmonic functions 
in R? 


It is well known that complex holomorphic functions are tightly related with har- 
monic functions of two real variables, a fact that proved to be of crucial importance 
for the theories of both classes of functions. On the general level, the same occurs 
with hyperholomorphic (synonymously - monogenic, regular) functions of (real) 
Clifford analysis and the harmonic functions of the respective number of (real) 
variables. By this reason, both one complex variable theory and Clifford analysis 
are considered as refinements of the corresponding harmonic function theories. 
This relation is due to the following factorizations of the respective Laplace oper- 
ators. If 


Ae OTTO ge ee ae 
Re Ox2 " Oy?’ Oz 2\dx dy)’ de 2\dz" dy)’ 


then 


9,9_4,9 
Oz Oz Oz OF 


1 
=5Ap. (9.1) 


Similarly, if Agz denotes the Laplace operator in R*, Dor denotes the Cauchy- 
Riemann operator of Clifford analysis in R"+!, and Dp,, denotes the Dirac oper- 
ator in R” (see [23] and [9]), then 


© Springer International Publishing Switzerland 2015 193 
MLE. Luna-Elizarraras et al., Bicomplex Holomorphic Functions, Frontiers in Mathematics, 
DOI 10.1007/978-3-3 19-24868-4_10 


www.pdfgrip.com 
194. Chapter 9. Second Order Complex and Hyperbolic Differential Operators 
Der° Dor = Dor? Dor = Ag, 
Dir = —Apn : 


Factorization (9.1) manifests the essence of the relation between complex holomor- 
phic functions and harmonic functions. First of all, note that the Laplace operator 
Ape acts initially on real-valued functions but its action extends onto complex 
valued functions component-wise: if f = u+ iv, then 


Ape [f] = Are [ul + iApe [v] 3 


Thus equality (9.1) holds on complex-valued functions (of class C?, not just C+). 


Let f = u+iv be a holomorphic function, that is, or = 0, hence by (9.1) 
Zz 
0 (0 
Ar2[f] = 45, (55) = 0 and thus f is a harmonic function. Reciprocally, taking 
z\ OZ 


a real-valued harmonic function u, consider — (which is a formal derivative, 


Zz 
that is, the result of the action of an operator, not the “honest” derivative of a 
holomorphic function), one has: 


O {Ou 1 
Oz B = qArelul =0, 
, . Ou . 
which means that the complex-valued function An generated by the harmonic 
z 


function u is holomorphic. 


9.2 Complex and hyperbolic Laplacians 


Although we have noted already certain asymmetries in the properties of complex 
and hyperbolic numbers inside BC, for the purposes of this chapter each of the 
sets C(i), C(j) and D plays for bicomplex numbers a role similar to that played 
by R for complex numbers. Thus, one can consider the three candidates for the 
corresponding Laplacians: 


oF oF 

Ace(i) = an =F az ; (9.2) 
o? Oo? 

Ace(j) = a ac (9.3) 
oe? ar 

Ap := = t+ a: 9.4 

Oo OSE” O33 ae 


Operators (9.2) and (9.3) are called complex (C(i) and C(j) respectively) Lapla- 
cians and (9.4) is the hyperbolic Laplacian. The first of them acts on C(i)-valued 
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holomorphic functions of two complex variables 2; and 22; the second acts on C(j)- 
valued holomorphic functions of the complex variables ¢; and ¢2; and the third 
acts on D-valued holomorphic functions of the hyperbolic variables 3; and 32. 


Although we wrote in (9.2)—-(9.4) the formal partial derivatives an etc., 
24 


in fact we mean authentic partial derivatives with respect to the corresponding 
variables 21, 22, €1, C2, 31,32. Of course in this situation the formal and the authen- 
tic derivatives coincide but at the same time a confusion may arise, so that we 
rewrite (9.2)—(9.4) as 


Ac (i) = Os = Os 3 (9.5) 
Acagy = Oe + as: (9.6) 
Ape = 0% + af. (9.7) 


This is in keeping with the notation we adopted where we wrote complex partial 
derivatives as f!,, etc. Hence On f = ff, ete. 

The next step consists in extending the operators (9.5)—(9.7) onto bicom- 
plex-valued functions. It turns out that how we write bicomplex numbers becomes 
important and it depends on the operators in (9.5)—(9.7). Indeed, for the operator 
Ace i) the bicomplex function F should be holomorphic in the sense of two complex 
variables and if we want the same for its components, then we are forced to consider 
Fas F=f, +jfo. Now we set: 


Ace [F] == Aca [fi] + JAc2 ay [fe] - 


A similar reasoning holds for the other two operators: for Ac2(j) we take F = 
pi t+ip2 and we set: 


Aci) [F] = Ace gy ler] + Ace y [Pal ; 
for Ap2 we take F = f; + if and we set: 
Ap2[F] := Ape [fi] + iApe [fe] . 


The analogues of the formula (9.1) arise if one uses the corresponding opera- 
tors in formulas (7.49), (7.50), (7.51) and (7.52); more exactly the operators should 


O 
be taken in an appropriate form. For instance, if we want to use the operators azt 


and 2 in the form 


oO. Lo Ca 0 0 1/0 . oO 
azt~ 2\dn Jan)? af 2\dxn dn)” 
then we are forced to write the variable as Z = z; + jzo and the function F' as 
F= fi +jfe. With this understanding we have that 
0? oO? 4 0 0 
Oz? ° a2 “AZ azi’ 


Ac2(i) = (9.8) 
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where the operators act on BC-valued functions holomorphic in the sense of 
the complex variables 21, z2. Hence, the theory of BC-holomorphic functions can 
(should?) be seen as a function theory for the C(i)-complex Laplacian. 
Analogously to what was done above, the factorization allows us to establish 
direct relations between BC-holomorphic functions and complex harmonic func- 
tions, that is, null solutions to the operator Ac2(j). Indeed, let F = f, + jfz bea 
BC-holomorphic function, that is, it is holomorphic in the sense of two complex 


variables, but also azi = 0. Then 


and thus F is a BC-valued complex harmonic function. Reciprocally, taking a C(i)- 


valued complex harmonic function f;, consider the BC-valued function wl fil = 
oft 


—— (which is a formal operation on a holomorphic function of two complex vari- 


ables, not the bicomplex derivative of a BC-holomorphic function). One has: 


0 [ah 
OZt | OZ 


1 
| = hewlhl =0, 


af, 


OZ 


which means that the BC-valued function generated by the complex harmonic 


function f; is BC-holomorphic. 

The operators in (9.2) and (9.3) are dealt with in exactly the same way, 
although now other first-order operators enter into the game. In the case of Z = 
61 + ja we take 


2 =1(2 i) o-1(2+52) 
Of 3.86 “dar” OZ 2\06, °° 3G)’ 


a? 0? 00 
a * 3 ~ *azaz' (9.9) 


arriving at 


Ac2(j) = 


in the case of Z = 31 + ij2 we take 


otf 49 d@ _1/(9 ,,@ 
OZ a 2 O31 O32 , OZ* a 2 031 O32 , 


arriving at 


(9.10) 
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So, we have provided each of the operators (9.2)-(9.4) with an adequate func- 
tion theory. There is a fine point here: it is, in a sense, one and the same theory of 
C-holomorphic functions, but where different aspects of the latter are taken into 
account. This “common” function theory allows us to realize the similarities and 
the differences between the three operators (9.2)-(9.4). Indeed, (9.2) and (9.3) look 
identical from the viewpoint of classical complex analysis, but viewing them from 
the bicomplex perspective reveals subtle differences between them. At the same 
time, (9.4) seems to be quite different with any of (9.2) and (9.3) but bicomplex 
functions, again, show that there exists a deep underlying unity between all three 
of them. 

The direct relations between the null solutions of any of the operators Ac2j) 
and Apz and the BC-holomorphic function theory is established in the same way 
as we did for the operator Ac2(j). 


9.3 Complex and hyperbolic wave operators 


Another well-known second-order operator, in the real case, is the wave operator, 
and one can be tempted to look at some of its complex analogues: 


oO? om 

C2(i) 7= Gwe Buz’ (9.11) 
2 2 

2 (9.12) 


c7(j) *= Ow? 7 Owe 


They do not produce great novelties, the same BC-holomorphic function theory 
provides all the necessary information. This can be obtained in two ways. First of 
all, the simple holomorphic changes of variables 


(wi, w2) + (21, —iz2), (wi, w2) + (C1, —JCa) 


turn the operator Oc2(j) into Ac2() and the operator Ne2(;) into Ac2(;). But they 
can be factorized directly: 


6) ) O 6) 
2) = k : 
a) & x) (so ke) 


~ "OZ aZt' 
compare with (9.8). Although formally they are the same operators, they are 
employed in other forms taken in the table in Section 4. In the same fashion, 


) O O 0 
oj) = (= kx ( k= | 


ag 0. 
“OZ AZ’ 
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where we take, again, another form of writing the operators involved. Somewhat 
paradoxically, the same bicomplex “tricks” do not work for the “hyperbolic wave 
operator” 

fag Ee? 

Ow? = O03 
which can neither be factorized directly nor reduced to (9.4); this is because in 
the hyperbolic world there is only one hyperbolic-type imaginary unit and there 
are no complex-type imaginary units. 

One can consider another hyperbolic Laplacian: 

a? 0? 

es + es 

Ow? — O03 


but the change of variables 
(11, t2) + (31, —k32) 


reduces it to (9.4). 


9.4 Conjugate (complex and hyperbolic) harmonic 
functions 


Let F' be a bicomplex holomorphic function in a domain 2 C BC which can be 


written as F(Z) = fi (21, 22) + jfo(2i, 22) = pi(Ci, G2) + ipe(G1, C2) = fr(31,32) + 
if2(31,32). It has been shown above that: 


e f: and fz are C(i)-complex harmonic functions in Q c C?(i), and they are 
related by the Cauchy—Riemann conditions 


Of: — Of2,  Ofe Of 


Oz = Oz2’ Oz Oz 


Such a pair of functions f; and f> will be called a pair of conjugate C(i)- 
complex harmonic functions. 


e p; and p2 are C(j)-complex harmonic functions in Q C C?(j), and they are 
related by the Cauchy—Riemann conditions 


Op: _ Op2_— Ope Opi 


0 OG”? OG OG” 


Such a pair of functions p,; and p2 will be called a pair of conjugate C(j)- 
complex harmonic functions. 
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e f,; and fy are D-harmonic functions in 2 C D?, and they are related by the 
Cauchy—Riemann conditions 


Such a pair of functions f; and fz will be called a pair of conjugate D-harmonic 
functions. 


Bicomplex holomorphic functions play an important role in understanding 
constant coefficient second-order complex and hyperbolic differential operators, as 
emphasized also in e.g. [19, 20, 96], where computational algebra techniques are 
used to study such objects. 
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Chapter 10 


Sequences and Series of 
Bicomplex Functions 


10.1 Series of bicomplex numbers 


We consider here briefly the series of the form 


3 Zu, (10.1) 


with bicomplex numbers Z,, as general terms. Writing Z, as Zp, = Bine+ Bonel 


equation (10.1) becomes 
x Bine+ > Bone", (10.2) 
n=1 n=1 


thus the series of bicomplex numbers (10.1) is convergent if and only if both 
complex series in (10.2) are convergent. 


co 
A typical example is the bicomplex geometric series Y 2314242774 

n=1 
+--+ Z" 4.--- which converges for Z in the bicomplex unitary ball, that is, the 
bicomplex ball of hyperbolic radius 1, and which diverges outside this ball; this 
is because the bicomplex geometric series is equivalent to the pair of complex 


geometric series: 
Co Co Co 
322" = Bh + So pel 
n=1 


n=1 n=1 


[oe) 

Theorem 10.1.1 (Cauchy criteria). The series S- Zn converges if and only if the 
n=1 

sequence of its partial sums is a D-Cauchy sequence, i.e., for any positive hyperbolic 
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number € there exists a natural number N = N(e) such that 


m 
S ZN+k 
k=1 


=< 
D 


for any natural m. 


Proof. Follows by applying the Cauchy criteria to the complex series in (10.2). 


This theorem gives a necessary condition of convergence of the series (10.1): 
the sequence {Z,,} D-converges to zero. Another consequence of the theorem is: 
if {A,}°°, is a sequence of non-negative hyperbolic numbers: A,, € D*, and if 


foe) 
|4n le ~< A, for n > N, then the convergence of - A, implies the convergence of 


n=1 
ye 


n=1 


co 
A bicomplex series Zp, is called D-absolutely convergent if the series 
y i 


n=1 


co 

y, | Zire as of hyperbolic numbers is convergent. Of course, a D-absolutely con- 
n=1 

vergent series is convergent. 


It is easy to prove that: 


e If the bicomplex series (10.1) is D-absolutely convergent, then any series 
composed of its members is also convergent and has the same sum as the 
initial series. 


e If the series x Zp, converges D-absolutely and has the sum Z and if the 


n=1 


co 
series » W,, converges to W, then the Cauchy product of the series, that is, 


n=1 


co n 
the series S- U, with U, = hm Z~Wrn_—k, 18 convergent and its sum equals 


n=1 k=0 
ZW. 


10.2 General properties of sequences and series of 
functions 


Consider now a sequence of functions f, : 2 Cc BC —+ BC. We say that the 
sequence converges on 2 to a function f (called the limit function) if for any 
Z € Q the sequence of bicomplex numbers {f;,(Z)}°—_, converges to f(Z), that 
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is, for any ¢ > O there exists N = N(e,Z) such that | fn(Z Z)\p ~< ¢ for 
n > N(e,Z). Since the functions f,, are not necessarily bicomplex holomorphic 
their idempotent components Ff, and F2,, depend, in general, on §; and (2, not 
on one of them. But the convergence of { fetal _, is equivalent to the convergence 
of the two complex sequences {Fj,,}°~_, and {Fo,,}°, on Q. 

A sequence {f,}°~, is D- niesraly convergent to f if for any ¢ > O the 
number N depends on ¢ only: N = N(e), and thus for n > N the inequality 
| fn(Z) — f(Z) le < ¢ holds for all Z. The D-uniform convergence holds if and only 
if for any ¢ > O there exists N = N(e) such that form > N,n > N one has: 
| Fn(Z)—fim(Z Vis < e. Of course, a D-uniformly convergent sequence is convergent. 


Theorem 10.2.1. Jf all the functions f, are continuous on Q and the sequence 
converges D-uniformly on Q, then the limit function f is continuous on Q. 


Proof. Mimics the complex functions case using the properties of hyperbolic pos- 
itive numbers instead of real positive numbers. 


Theorem 10.2.2. Let T° be a rectifiable curve in BC without self-intersections and 
let a sequence {f,}°—_, converge D-uniformly on T, then 


tim, f fa(t) dt = =f im fa(t) at 


Proof. Follows the same line as the previous one. 


Theorem 10.2.3 (Bicomplex holomorphy of the limit functions; an analogue of 
Weierstrass’ theorem). If every fn is bicompler holomorphic in Q = Qye + Qzet 
and if the sequence { f,}7-_, converges D-uniformly on every compact set in Q to a 
function f, then f is bicompler holomorphic in Q and for every k € N the sequence 


{po\" of the k-th derivatives converges D-uniformly on compacts to f‘*). 
n=1 


Proof. Since each f,, is bicomplex holomorphic, then f,(Z) = Fi n(61)e+F2,n(B2)el 
where for any n the functions F),, are holomorphic in Q; and all Fo, are holo- 
morphic in Q2. If K is a compact subset in Q and K = Kye+ Koet, then Ky is 
a compact subset in 2; and Ky is a compact subset in Q2. Moreovoer, { Jalna 
converges D-uniformly on K if and only if {F1,,}°-_, converges uniformly on Ky 1 
and {F2,,}°°, converges uniformly on K9. 

Note that a priori the limit function f does not need to be bicomplex holo- 
morphic, in general, thus, in its idempotent representation 


f(Z) = f (Bie + Bye!) = Fy (Bie + Boe! )e + Fy(Bye + Bye" Jet 


the components F, and F2 would depend on both variables 6, and 62. But the 
complex Weierstrass theorem implies that the sequence {Fj,,}7-_, converges to 
F, uniformly on compacts and {F2,,}>-_, converges to F» uniformly on compacts, 
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thus, F is holomorphic in 2; and F> is holomorphic in Q2. Because of the unique- 
ness of the limit function, F, depends on 8; only and F) depends on {2 only. 
Recalling that f = F,e+ Fe! we conclude that f is bicomplex holomorphic in 0. 


(k) °° ph) aa 
Moreover, for any k € N the sequences 4 Fy’ and 4 fy, converge 
, n=1 n=1 


uniformly on compacts to FY) and Fe) respectively. Hence, the sequence raw = 


FF; ie Jeti et converges I)-uniformly on compacts to the function F’ Met RM et 


f (i which completes the proof. 


10.3 Convergent series of bicomplex functions 


We now consider series of the form 


> fal(Z) = fi(Z) + fo(Z) +--+ fnlZ) +-°- (10.3) 


n=1 


where all the functions f,, are defined on the set 2 in BC. Their behavior is char- 


acterized by the sequence S’, ( =D hl fe(Z) of partial sums, hence the properties 


of sequences (convergence at a ne D- uniform convergence on the set, etc.) ap- 
ply to the sequence {S;,(Z)}°°_, and become the respective properties of series 
of functions. For instance, in order that the series of functions (10.3) converges 
D-uniformly on Q it is necessary and sufficient that for any positive hyperbolic 
number ¢ there exists N = N(e) such that | fy4i(Z) +--+ + fvim(Z)|p < € for 
any Z € and l any m € N (Cauchy’s criteria). 


Mp 


A series 3 fn(Z) is called D-absolutely convergent if the series 3 | fn(Z Vs 


n=1 n=1 
converges on 2. 


Theorem 10.3.1 (Weierstrass test for D-uniform convergence). Given a series of 


lee} co 
functions » fn(Z), of there exists a convergent series > A,, of hyperbolic non- 
R=! n=1 


negative numbers such that the inequality |fn(Z)| x A, holds forn = n*,n* + 
co 


1,..., for some n* EN and for all Z in Q, then the series a fn(Z) converges 
n=1 


D-uniformly and D-absolutely on Q. 


Proof. Consists in applying Cauchy’s criteria twice. 


The properties of sequences of functions give rise to the following statements 
about series of functions. 


e Ifthe functions f, are continuous on 2 and the series converges D-uniformly 
on Q, then the sum S(Z) is a continuous function. 
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e Let T be a rectifiable curve without self-intersections, let every function f,, 


Co 
be continuous and assume that the series y fn converges D-uniformly on 


n=1 


[XSmoa=d f wtoae 


n=1 n=1 


T, then 


co 
e (Weierstrass theorem.) If every f,, is bicomplex holomorphic in 2 and y. fn(Z) 
n=1 
converges D-uniformly on compact subsets of 0, then the sum S is bicom- 


plex holomorphic in 2 and the series S- f(Z) converges D-uniformly on 
n=1 


compact subsets in Q to $“)(Z) for any k EN. 


10.4 Bicomplex power series 


Here we deal with the series of the form 
S> An(Z — Zo)” (10.4) 
n=0 


with bicomplex coefficients A,,. Its members A,,(Z — Zo)” are defined for any 
Z € BC but, of course, it is a separate question to determine where such a series 
is convergent. 

Equivalently, one can consider the series 


. An Z” (10.5) 
n=0 


which is, obviously, convergent at the origin Z = 0. 
Theorem 10.4.1 (Analogue of Abel’s theorem). Consider a series (10.5) and let 
S=S,= {Z | |Z|p = p} be a bicomplex sphere of a hyperbolic radius p > 0 which 


is assumed to be an invertible hyperbolic number. If there is a point Z in S such 


CO 
that the series > An Z” converges at g, then it converges D-absolutely in the 


n=0 
open bicomplex ball B = B, of the same radius, and it converges D-uniformly on 
compact subsets of this ball. 


Proof. First of all, note that if p is a zero-divisor, then any point of S is a zero- 
divisor, while if p is invertible, then all the points of S are invertible bicomplex 
numbers. 
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ow 


Let Z € S be a point of convergence. Take Kk to be a closed subset of 
Z 
| Z € x}. It is D-bounded and, hence, it has a D- 
D 


and consider the set { 


supremum, supp; what is more, suo { | Z € x} =: q ~ 1. Since the se- 
D 


co 
ries SS An Z” converges, then lim A, 7” = 0, thus the sequence A, Z" is D- 
n=O noo 
bounded: there exists a positive hyperbolic number M such that |An Z|. xM 
for n € N. For Z € K we get now an estimate 


Pn Z #0 
A,Z”"|, =|A,Z"-( a 
JAn 2" |p =|4n 2"- (3) 


The series with general term Mq” converges and it may serve as a majorant for 
g q g y J 


< Mq”. 
D 


Co 
the series »; A, Z” on K; the Weierstrass theorem allows us to conclude that 
n=0 


co 

-e A, Z” converges D-absolutely and D-uniformly on K. Since any point of B, 
n=0 

belongs to some subset A’, the theorem is proved. 


As was noted above, if p is a zero-divisor, i.e., p = pie or p = p2e', then 
all the points of S, are zero-divisors of the same form. What can be said if 


[o.e) 
Ze S, and the series S- A, Z” converges? Writing A, = ane + bret we get: 
n=0 


ye An, Vie = » (ane = bnet) (Bie + Bet ) = & ont e+ & 63) el. 
n=0 \n=0 ey n=0 


n=0 


Since Z is of one of the forms: Z = Bye or Z = Boel, then we can make 
co 


a conclusion for one of the bicomplex components of the series S7 An Le = 


=0 
[oe) foe) . lo e) 
(>. ont) e+ (>. ba) e'. Indeed, if p = pie, then the series S| an Bie 
n=0 n=0 n=0 
Co 


converges for |3,| < p; but we have no information for the series x bn Ba el. 

n=0 
similarly for p = pze'. Of course, this does not mean _ that there is no information 
in principle; we have just taken an “unlucky” point Z. 


Proposition 10.4.2 (Sets of convergence of bicomplex power series). Given a series 
co 

a2 An Z", one of the following options holds: 

n=0 


(1) the series converges at the origin only; 
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(2) the series converges on the whole BC; 


(3) the series converges on one of the idempotent complex lines BC. or BC; and 
diverges on the other; 


(4) the series converges on the disk centered at the origin and of (real) radius r 
situated on BC. or BC,; and diverges on the complement of its closure; 


(5) the series converges on B(0,r)e +BC,; or on BC, + B(0,r)et with r > 0 and 
diverges on the complement of its closure; 


(6) the series converges on the bicomplex ball centered at the origin of hyperbolic 
radius R=rje+rzet + 0 and diverges on the complement of its closure. 


co co 
Zz 
Proof. The first two options are illustrated with the series y n! Z” and y —. 
n! 
n=0 n=0 
Assume next that the first two cases are excluded and consider the idempo- 


tent representation 
co co co 
nz" = (Sonat) o+ (Sedna). 
n=0 n=0 n=0 


Several possibilities arise now. Let, first, one of the idempotent series converge at 
the origin only, then the other may converge in a disk of finite radius which gives 
the case (4) or in the whole C(i) which gives the case (3); illustrations for (3) are 


» (nt a¢e+ = Be") on: (=; ete + ntszet 
n=0 n=0 
and illustrations for (4) are 
Sin BRet nl Bzet) or S° (nl Bite +n Biel) 
n=0 n=0 


Co 

where S- Yn 2” is a complex series with a (real) radius of convergence r > 0. Sec- 
n=0 

ond, both idempotent series converge on a disk which may be of a finite or infinite 


Co 
radius thus justifying the cases (5) and (6); for the same complex series » Yn 2” 


ae ; - ; n=0 
any of the bicomplex series dX (rnste + 7 age or dX (=; Bie +n sie!) 
n= bs — 


illustrates the former case. 


Analogously to the case of complex analysis, we may speak in all the cases 
about bicomplex balls Br of hyperbolic radii R where: 
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(1) R=0=0e + Oe, and the ball reduces to a point; 


(2) R=0o =ove + ove’, and the ball means the whole BC; 


(3) R=0e+ocet or R = coe + 0el, and the ball means one of the complex lines 
Ce. or BCy;; 
(4) R=re or R=rel, and the ball means one of the “labeled” disks B(0,r)e 
or B(0,r)el; 


(5) R=re+ooel or R= ce+rel; 


(6) R= rje+reel, and this is an “authentic” bicomplex ball of a hyperbolic 
radius. 


This R will be called the hyperbolic radius of convergence of a bicomplex 
power series. 


Proposition 10.4.3. If R is strictly positive (i.e., R= rye + reel, or R = 00, or 
R=re+oel or R = we+ret), then the sum S(Z) of a power series is a 
bicomplex holomorphic function and 


S(Z) =) nA, 2. 
n=1 


Proof. Follows directly from the theorems of Abel and Weierstrass. 


(n) 
Proposition 10.4.4. If R is strictly positive, then A, = zm (0), 
n! 
Proof. It follows from the previous proposition that 
s(Z) -_ > n(n = 1) ~ (n =k+ 1) An wee 
n=k 


for k €N. In particular, S‘*)(0) = k(k — 1)---1 Ay = k! Ag. 


10.5 Bicomplex Taylor Series 


Definition 10.5.1. Let Q be a domain in BC, and assume that a function f :Q —- 
C is such that it has derivatives of any order at Zy € Q. Then the power series 


OO F(n)(Z 
y ey (Z— Zo)” is called the Taylor series for f at Zo. 
n! 


n=0 


co 
Theorem 10.5.2. If a power series 5 An (Z— Zo)" has a strictly positive radius 


n=0 
of convergence R, then it is the Taylor series for its sum at Zo. 
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Proof. By Proposition 10.4.4, An = 2 ! 0) thus 
nl 
S(Z) =)" An (Z — Zo) = 
n=0 n=0 


Theorem 10.5.3. Let Q be a product-type domain in BC, Q = Qye+ Qeel, let f be 
bicomplex holomorphic in Q. For a fired Zq in Q consider the Taylor series of f at 
Zo. Denote by d the hyperbolic distance between Zp and the distinguished boundary 
of Q, that is, 


d:=infp {|Z — Zo|, | Z € ANe + ONe"} ED. 


lo 


Then the Taylor series converges in the bicomplex ball Ba(Zo) where its sum co- 
incides with f(Z): 


oo F(n) 
12) = EY (2_ay 
n=0 : 


for any Z € Ba(Z). 


Proof. As f is bicomplex holomorphic we can write 
f(Z) = f(Bre + Brel) = Fi(fije + Fa(fa)et, 
where F, and F, are (complex) holomorphic, respectively, in Q; and Q2, and 
Zo = Ble + Bet, 
where BP € 21, BY € Ny. Denote by d; the Euclidean distance between 3? and 


0Q,, and by dz the Euclidean distance between 8 and OQz2, then by the complex 
Taylor theorem one has: 


lo) (n) 7 20 
Fi (fi) = > Ath) (A: - pr)” 
n=0 : 


for 8; € B(B?,d,), and 


SS An) / 20 
Fs(B2) = > “2 72) (g, — 99)" 
n=0 : 


for 82 € B (83,d2). Hence 
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f(Z) = F\(Bile + Fa(Ba)el 
(n) oo p(n) 
=> 2 #) (8?) (Br = pe Ey (2) (Bs pg)” el 


n: 
n=0 n=0 


= “Ya oo B2)e+ FS" (69) et) (6, — 52)” e+ (B — 68)" et) 


= 3 f! ae, (Z— Zo)" 


n=0 


for any Z in B (8?,d,) e+ B (83, d2) e! = Bg(Zp). The proof is completed. 


Example 10.5.4. Recalling the formulas for the derivatives of elementary functions 
we obtain the following expansions into bicomplez Taylor series: 
Zenrl 


aoe sin = DO)" ae DE coer = ae 


In addition to the book of Price [56], we refer the reader also to publications 
such as [40, 41, 84], where certain properties of bicomplex sequences and series are 
studied. 


a 


Vin 
Ke 
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Integral Formulas and 
Theorems 


In this chapter we establish bicomplex analogues of the main integral theorems 
and formulas of one-dimensional complex analysis. We are not going to reach 
the highest level of generality for curves and surfaces involved since our aim is 
to present some basic ideas and structures for those formulas; the more general 
setting will be presented elsewhere. 


11.1 Stokes’ formula compatible with the bicomplex 
Cauchy—Riemann operators 


Let Q be a domain in BC and consider a function F of class C!(Q, BC). It is thus 
real differentiable and, recalling (7.48), we have that its real differential dF is 


OF OF =. oF OF 
= pees Ty  gZ*, 
dF = Sad + dl + dal + de 


Note that this is just a “bicomplex combination” of the real differentials of the 
components of F'; hence the function itself and the variable Z can be written in 
any form as well as all the differentials and the differential operators; for instance, 
dZ = dx + idy, + jdx2 + kdy2 = dz + jdz2 = dy + id¢2 SH ees dZ = dx, = 
idy, + jdx2 = kdy2 = dz, + jdZ2 Sa e 

Next, consider the action of the exterior differentiation operator on the dif- 
ferential form F'dZ; we have that 


© Springer International Publishing Switzerland 2015 211 
MLE. Luna-Elizarraras et al., Bicomplex Holomorphic Functions, Frontiers in Mathematics, 
DOI 10.1007/978-3-3 19-24868-4_12 


www.pdfgrip.com 


212 Chapter 11. Integral Formulas and Theorems 


d(FdZ) = dF \dZ 


OF OF — OF OF 
= T 4 * 
(Spa+ age + agi + ape ) AdZ (11.1) 
= Sar = ) 
a agrda" Nad. 


The same can be done with the three other differential forms, that is, FdZ, FdZ', 
FdZ*, arriving at 


= oF —_ OF OF 
ema + _yzt 4 * 

d(FdZ) = ag lZ NdZ + adh AdZ age A dZ; (12) 
d(FdZ") = oF ad AdZt + aa dzt + OF az A dZ!; (11.3) 

OZ OZ aZ* 

OF OF OF 

*\ __ a * T * 

d(FdZ*) = ag a b ag dZ! Adz". (11.4) 


Of course, each of the formulas (11.2), (11.3) and (11.4) can be obtained also by 
making the corresponding change of variable. 

Next, take [ to be a two-dimensional, piecewise smooth, oriented surface in 
Q whose boundary y = OF is a piecewise smooth curve. 

Then integrating both parts of (11.1) and applying Stokes theorem we get: 


/ FdZ = it d(FdZ) 


OF — OF OF 
=| | sdZAdZ4+ —dZ" AdZ + —dZ* AdZ). 
: ( * agt + og ) 
Similar formulas arise if one uses (11.2), (11.3) and (11.4). 
Formula (11.5) contains several special cases which are of interest by them- 
selves. In particular, we can take F' as 


(11.5) 


F(21, 22) = fi(21, 22) +jfo(z1, 22) 


where f9(21,22) = 0 in 2 and f; is holomorphic in the sense of two complex 
variables z,; and zg which leads to 


F O 0 
[ filer. za)(ae + jdz2) =) (52 +j a jdz A dze 
y T ZL 0 


since Of, _ = of 


ag az" =0inQ and 


dZ' \ dZ = 2jdz A dz. 


Separation of the complex components results in the formulas 


[ni 21, 2)d2z, = = of dz, \ dz; 
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| fiGrza)dea= [SP aes odes 
y T Oz 


The formulas remain true if, in addition, f does not depend on zg: 


[fee = 0, 
y 


[ Alenia = [ fled naer 


Analogously, if f; does not depend on 21, then 


[ Alera = — [ Heya \ dza, 


[ filea)de = 0. 
e 
But F can be taken also as 


F(G1, C2) = pr (41, G2) + ipe (1, C2) 


where p2(¢1,¢2) = 0 in Q and p, is holomorphic in the sense of two complex 
variables ¢; and ¢2; now we can repeat the reasoning and arrive at very similar 
formulas and conclusions. 

Finally, F can be taken as 


F(31,32) = fil31,32) + ife(31, 32) 


where 3; and 32 are hyperbolic variables, f; and fz are D-valued functions; what is 
more, we assume that f2(31,32) = 0 in 2 and that f, is holomorphic in the sense 


of two hyperbolic variables 3; and 32. Then an = oie = 0 and dZ* AdZ = 


2 id31 A d32; thus (11.5) gives the equality 


: Of1 ist) : 
, d31 + id -| (= +i— d31 A djo. 
[ne 32)(d31 + idg2) rs re ee 


Separation of the hyperbolic components gives: 


0 
[isGu.i2)dn =— [ SM ay A de 
y r 932 


O 
finGrssaddia = f SP ass nd. 
¥ r 931 


The same comments as above can be made although the situation is rather different 
because holomorphic functions of two hyperbolic variables do not have yet their 
theory. 

But, of course, for us the most important consequence of (11.5) is the bicom- 
plex Cauchy integral theorem. 
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Theorem 11.1.1 (Bicomplex Cauchy integral theorem). Let F be a bicomplex holo- 
morphic function in a product-type domain Q C BC. If y is any piecewise smooth 
curve which is the boundary of a two-dimensional, piecewise smooth surfaceT Cc Q, 
then 


/ f(Z)dZ =0. 


OF OF 
OZt  OZ* 


PF 
Proof. Since F is bicomplex holomorphic, then ~ 0 in Q, and 


the result follows from (11.5). 


11.2 Bicomplex Borel—Pompeiu formula 


Having in mind further developments and applications, we are not looking for a 
high level of generality; our aim is to obtain a bicomplex analogue of the com- 
plex Borel—-Pompeiu formula which is based on the idempotent representation of 
bicomplex numbers. This requires us to work with curves and surfaces in BC of 
particular shape and with BC-valued C!-functions of a particular structure. It is 
explained more precisely immediately after this brief introduction. 


Let 2 be a domain in BC, and consider a two-dimensional, simply connected, 
piecewise smooth surface [ C Q with boundary y = OF C Q which has the 
following properties: [ has a parametrization w = (u,v) such that = = e+ yeh 
where w, and w»2 are the parametrizations, respectively, of domains [; and [2 in 
C(i) which are simply connected; y has a parametrization y = y(t) which is the 
restriction of ~ onto OF and is such that y = ye + ye! where y and % are 
the parametrizations, respectively, of y, := OT, and of y2 := OV2, y, and 72 being 
piecewise smooth, closed, Jordan curves in C(i). 


We illustrate now with an example that the restrictions on I and y are not 
contradictory. Let [ be a domain in C(i) with the above described properties and 
let [2 be another domain in C(i) which is conformally equivalent to T via the 
mapping we. : Ty > Pg; if we denote as w, : ut+iv € Ty 4 ut+iv € 1, the identity 
mapping, then the parametrization 7 := ~1(u,v)e + W2(u,v)e' determines the 
surface [ in BC with the necessary properties. 


As the next step we consider the integrals over y and [. If g is a continuous 
function on 7, then we assume additionally that g is of the form g(Z) = gi(f1)e+ 
g2(B2)e' for Z = Bye + Boel. Note that this property is true automatically for 
bicomplex holomorphic functions, but for continuous functions their idempotent 
coefficients depend, in general, on both variables 6, and 32. 'The requirement above 
is caused by the method which we use below. Now, using the definition and the 
properties of the integral of the differential form g(Z) dZ we have: 
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b 


/ g(Z) dz = i a(o(t)) y(t) at 


a 


b 
= | (g1(yi(t))e + g2(ya(t)e") (vi (the + yo(t)el) dt 


b 
s i (ar(yr(t)) 91 (Je + ga(walt)) v4 (tet) dt 


I 


e / (81) dB; +e! / 92(82) dB2, 
1 Y2 
that is, 
[o@az=e / gi(B1) dBi +el [ g2(82) dbo. (11.6) 
Y V1 Y2 

As a matter of fact, the first equality is the definition of the integral of the 
bicomplex differential form g(Z) dZ along ¥, and it is easy to see that this definition 
is well posed. 


A similar reasoning applies to the surface [' and the differential form g(Z) dZ/ 
dZ*. Indeed, 


| g(Z)dZ A dZ* = : 9(Z) (dBie + dfget) A (dB, e + dBye") 
Tt Tt 
= ‘i (91 (Bi)e + g2(Ba)el) (dBi A dBye + dBo A dB ye") 
T 
= | (91(81) dBi A dBye + g2(B2) dBz A dBye") 
7 Oy, Ob, Oy, dy, 
7 l.. (0 (r(u, »)) ( du av dv Ou ) © 


+ go (Waluse)) (Fee. ee — M2. 2) ot) aude 


= | gi(B1) dB; A dBye +/ g2(B2) dB2 A dBoet , 
Py 


2 


that is, 


[a dZAdZ* = (/. gi(B1) dB1 A ‘8, ) e+ (f. go(B2) dBz A iB, ) ef (1127) 


Remark 11.2.1. Under the same hypotheses, we say that the function g is integrable 
in the improper sense along I if the function ge is integrable in the improper sense 
along the domain VT, for €=1 and &=2. 


Theorem 11.2.2 (Bicomplex Borel-Pompeiu formula). Let g € C!(Q) be such that 
g(Z) = gi(Bi)et+ go(Ba)e’, Z = Bie+ Poel, and let y andT be as described above. 
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Then for any Z ET \7, 


Og 

1 g(t) dt 1 | ot* 
Z)= : : 
(2) eer gag une) 


0 0 0 
where t = tye + toe! and om = Cor, +el Diy’ 


Proof. One has: 
g(Z) = g1(Bi)e + go(B2)el. 


Using the complex Borel-Pompeiu formula gives: 


O91 
1 / G1 (ti) dt, 1 | Ot, = 
Z)=-—~ e+ : dt; \ dt,e 
9(Z) ami Jy, t1— fr 2mi Jp, ti — Pi * : 
O92 
1 g2(t2) dty + 1 | Ote sss 
dty \ dtz et 
QTi [ to = Bo i Qri Tr to — Bo . on 


which, by regrouping the terms, equals 


1 | (91 (t1) © + g2(t2) ef) . (dt, e + dty ef) 
Qri (tye + tee?) = (Bie + Boer) 
) 3) 
t | i 
1 i (ex +e x) [me i g2e ] 
2ri T (tye + toet) = (SB e + Boer) 


a 

1 fog(t)dt 1 f ae 

= dt bs 
ae + Oni pt-Z mt 


(dt, A dt,e + dt /\ dt2 e') 


This completes the proof. 


Note that we used in the proof formulas (11.6) and (11.7) and Remark 11.2.1. 


Theorem 11.2.3 (The bicomplex Cauchy integral representation). Let 0 be a 
product-type domain in BC, let f be a bicomplex holomorphic function in Q, and 
let Z be an arbitrary point in Q. Then, for any surface T CQ passing through Z 
and with the above described properties the Cauchy representation formula holds: 


F(Z) = Ae dt, 


where y = OV. 
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Proof. Since a bicomplex holomorphic function is of the form f(Z) = fi(G1)e + 


f2(B2)e", then we can apply (11.8). Moreover, as we know, a of of 0 


and thus the surface integral in (11.8) vanishes. 


Note that if a C!-function g is of the form g(Z) = gi(61)e + g2(B2)el, then 
the conditions a = vo = 0 are valid. Hence the bicomplex holomorphic func- 
tions are singled out among the C!-functions of this form by the unique condition 
oe. = 0, which explains why in the Borel-Pompeiu formula just one operator 


az" remains. 
We have shown how Stokes’ formula can be used to obtain the bicomplex 
Cauchy Integral Theorem, the bicomplex Borel-Pompeiu formula, and the bicom- 
plex Cauchy Integral Representation formula. 
Integration theory in the context of complexified Clifford Analysis, in which 
bicomplex analysis constitutes a first step, have been extensively studied by Ryan 
(68]-[81]. 
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